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Abstract
We describe the family of supersymmetric twists of N = 4 super Yang–Mills theory using derived algebraic
geometry, starting from holomorphic Chern–Simons theory on N = 4 super twistor space. By considering
an ansatz for categorical geometric quantization of the family of further twists of a fixed holomorphic twist,
we give a quantum field-theoretic synthesis of the categories of twisted D-modules occuring in the quantum
geometric Langlands correspondence.
1 Introduction
This paper aims to explore the occurrence of the quantum geometric Langlands correspondence in topologically
twisted 4d gauge theory using the Batalin–Vilkovisky (BV) formalism: an approach to classical and quantum
field theory that is a physical realization of the mathematical theory of derived geometry. We extend earlier
work [EY18; EY19] in which we studied the derived algebraic geometry of twists of 4d N = 4 supersymmetric
gauge theory; namely, we describe the geometric quantization of the derived stack assigned to the 4-manifold
C× C for each twist of N = 4 super Yang–Mills theory, where C is a compact Riemann surface. We argue that
for certain twists this procedure produces the categories Dκ(BunG(C)) of twisted D-modules appearing in the
quantum geometric Langlands correspondence, and in particular that the parameter κ can be identified with the
canonical parameter Ψ in the original work of Kapustin and Witten.
The connections between the geometric Langlands program and supersymmetric gauge theory in four dimensions
originated in work of Kapustin and Witten [KW07]. They considered a family of topological twists of 4d N = 4
super Yang–Mills theory parameterized by a value Ψ ∈ CP1 called the canonical parameter (depending both on
the complexified coupling constant of the theory and on the choice of twisting supercharge). There is a duality
of quantum field theories called S-duality that relates the N = 4 theories with gauge group G and its Langlands
dual group G∨; this descends to a duality between the topologically twisted theories with canonical parameter
Ψ and −1/rΨ, where r is the lacing number of G.
The connection to geometric Langlands comes when we consider the action of S-duality on certain boundary
conditions in these 4d topological field theories. That is, if we compactify the 4d field theories along a compact
Riemann surface C, then we obtain twists of an N = (2, 2) supersymmetric sigma model whose target is the
Hitchin moduli space on C. Kapustin and Witten argue that along appropriate loci in the CP1 family these twists
yield either A- or B-models into the Hitchin moduli space with particular symplectic or complex structures. Then
they go on to describe the categories of branes in these 2d topological field theories, and observe that versions of
the categories appearing in the geometric Langlands correspondence are associated to S-dual theories.
A significant amount of Kaputin and Witten’s physical analysis is devoted to explaining how D-modules occur as
the categories of branes in an A-twisted theory, by identifying categories of A-branes as acted on by the algebra
of open strings ending on an object called the canonical coisotropic brane. Kapustin [Kap08] gave an alternative
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2 Section 1 Introduction
analysis explaining the occurrence of twisted D-modules. In this paper we follow a different perspective, using
ideas from derived algebraic geometry: we give a classical description of all twists of 4d N = 4 theories using the
language of derived algebraic geometry and then explain why twisted D-modules occur when we geometrically
quantize these derived stacks.
1.1 Quantum Geometric Langlands
Let us begin by briefly reviewing the statement of the categorical geometric Langlands correspondence and its
quantum version. The quantum geometric Langlands correspondence was originally proposed by Beilinson and
Drinfeld, and first appeared in the literature in its modern form around 15 years ago [Fre07; Sto06]. We fix a
compact Riemann surface C and a reductive algebraic group G with Langlands dual group G∨. We also fix a
non-degenerate invariant pairing κ on the Lie algebra g of G. Let us assume for simplicity of notation that G is
a simple group and κ is a complex multiple of the Killing form on g. In this case we identify κ with this complex
number.
Let L denote the determinant line bundle on the stack BunG(C) of principal G-bundles on C. Recall that we can
define a sheaf Dκ of twisted differential operators associated to an arbitrary complex power L⊗κ of L (the sheaf
still makes sense even when the line bundle itself does not exist) [BB93]. Write Dκ(BunG(C)) for the category
of modules for this sheaf of twisted differential operators 1.
Remark 1.1. There is an alternative point of view on twisted D-modules presented in the work of Gaitsgory and
Rozenblyum [GR11]. Rather than defining the sheaf of twisted differential operators directly, one can identify
twisted D-modules on X in terms of the data of a trivialized Gm gerbe equipped with a flat connection, called a
twisting datum. Since usual D-modules are realized as quasi-coherent sheaves on a de Rham stack XdR, twisted
D-modules can be realized in terms of such a category twisted by a twisting datum (see Section 4.2).
The quantum geometric Langlands correspondence gives a description of this category in terms of the Langlands
dual group. We will describe two versions of the correspondence, one for non-zero κ, and one for the untwisted
case κ = 0.
Conjecture 1.2 (Quantum Geometric Langlands Correspondence). There is an equivalence of DG categories
Dκ(BunG(C))→ D−κ∨(BunG∨(C)),
where κ∨ is the invariant pairing on g∨ dual to κ.
This conjecture has been verified in the case where G is abelian in work of Polishchuk and Rothstein [PR01].
Remark 1.3. It is more natural to state the equivalence after applying a “critical shift” to the pairing κ, i.e.
after subtracting 1/2 the Killing form. In terms of D-modules, that is to say that the more natural functor
inducing the equivalence above is obtained from a “critically shifted” equivalence given by conjugation with the
functor that tensors by a square root of the canonical bundle. This critical shift has to do with the metaplectic
correction from our perspective, as in Remark 4.12.
The correct statement of the untwisted correspondence requires one to work out what the dual category should
be at “κ∨ =∞”. Versions of this conjecture were developed by Beilinson and Drinfeld prior to the statement of
the quantum conjecture described above, although it turns out that a correct statement involves some subtleties
not present for generic κ.
Conjecture 1.4 (Categorical Geometric Langlands Correspondence [AG15]). There is an equivalence of DG
categories
D(BunG(C))→ IndCohN (FlatG∨(C)),
1To be more careful, we should note that the category of twisted D-modules on BunG(C) is defined as the limit over a filtration
of BunG(C) by quasi-compact substacks, and there are two different ways of doing this depending on whether one uses ∗ or !
push-forwards between the strata. This distinction will not be important for our purposes.
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where FlatG∨(C) is the stack of G∨-bundles on C equipped with a flat connection, and IndCohN indicates the
category of ind-coherent sheaves with nilpotent singular support.
The theory of ind-coherent sheaves with singular support for sufficiently general stacks was developed by Arinkin
and Gaitsgory. For a discussion of the physical meaning of the nilpotent singular support condition, see [EY19].
Remark 1.5. Let us remark upon a few interesting subtleties and extensions of the conjectures above, which we
won’t discuss in this paper, but which certainly will admit interesting analogues in the world of supersymmetric
gauge theory. Instead of considering only the family of twisted D-modules depending on a single complex
parameter (multiples of the Killing form), we could study the action of duality on the full family of twists,
parameterized by (A1)n × Sym2(z∗), where n is the number of simple factors of g and z is its center. One can
additionally include in the twisting datum an extension of the canonical sheaf ωC by OC⊗z∗. The meaning of this
full twisting datum in the geometric Langlands program has been studied by Zhao [Zha17; Zha20]. This twisting
family is extended further in the metaplectic Langlands correspondence of Gaitsgory and Lysenko [GL18]. We
will not consider these extensions in this paper, though it would be interesting to investigate the relationship
between this and theories including a discrete θ-angle, as in the work of Frenkel and Gaiotto [FG20].
1.2 Review of Previous Work
This work is part of a larger project [EY18; EY19] using derived algebraic geometry and the BV formalism to
connect the geometric Langlands program and the topological twists of N = 4 super Yang–Mills theory, after
the work of Kapustin and Witten [KW07]. In this section we will recall the main results from our previous work,
and then in the next section we will explain how this paper extends those earlier results.
We begin with the idea of twisting supersymmetric field theories, as introduced by Witten [Wit88]. The basic
idea is that if a field theory admits an odd symmetry Q such that Q2 = 0, we can study the Q-cohomology
of the algebra of observables. This cohomology is itself realized as the algebra of observables in a theory with
a modified action functional, where we disregard Q-exact terms. The Batalin–Vilkovisky formalism lends itself
to the mathematical analysis of this concept, being a description of field theory in the language of homological
algebra [ES19].
In brief, in the BV formalism, one gives a perturbative description for a classical field theory using a cochain
complex equipped with some additional structure – a shifted symplectic pairing and a homotopy Lie structure –
encoding the theory’s interactions. One can then twist a classical field theory with equipped with an odd square-
zero symmetry Q by adding Q to the differential. In [EY18] we explained how to extend this from the perturbative
level (the formal neighborhood of a classical solution to the equations of motion) to the non-perturbative level
(the full moduli stack of classical solutions). We considered theories whose fields included an algebraic gauge
field – a complex algebraic structure on a principal G-bundle – in addition to other fields which are formal, for
instance because they have odd degree. If the action of the symmetry Q leaves the gauge field fixed then one
can compute the twist by Q as a stack by twisting the fibers over each point in the moduli stack of G-bundles.
We applied these ideas using the twistor formalism for N = 4 super Yang–Mills theory. We will review this
approach in Section 2.2. The main advantage of this perspective is that it allows us to consider a moduli space
with a natural algebraic structure, even before twisting. The simplest non-zero twist of N = 4 super Yang–Mills
theory is referred to as the “holomorphic twist”; it is obtained by twisting by a non-trivial supercharge Qhol of
smallest possible rank.
Theorem 1.6 ([EY18, Theorem 4.2, Lemma 4.7]). The holomorphic twist of 4d N = 4 super Yang–Mills theory
is defined on a complex algebraic surface X, and has the classical moduli space of solutions
EOMhol(X) ∼= T [1] HiggsG(X),
where HiggsG(X) is the stack of G-Higgs bundles on X; that is, of pairs (P, φ), where P is an algebraic G-bundle
and φ is a section of the sheaf KX ⊗ g∗P such that [φ ∧ φ] = 0 2.
2To state this a little more precisely we should instead consider the formal completion of BunG(X) in T [1] HiggsG(X).
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We will give a new proof of this result, at the perturbative level, in Section 3.2. The holomorphic twist has a
natural two-parameter family of further deformations. To describe these further deformations, we will introduce
the notion of the µ-de Rham stack Xµ-dR of a stack X . This is a 1-parameter deformation of Tf [1]X 3 called the
Hodge deformation – the tangent space at a point x ∈ X to Xµ-dR takes the form TX ,x[1] µ→ TX ,x.
Definition 1.7. The moduli stack of flat λ-connections FlatλG(X) is the mapping stack Map(Xλ-dR, BG). If
λ = 0, this is the moduli stack of Higgs bundles described above. If λ = 1 this is the moduli stack of G-bundles
with flat connection.
There is a two-dimensional family of twists further deforming the holomorphic twist, generated by a pair QA, QB
of supercharges. These are supercharges in the cohomology of the supersymmetry algebra with respect to the
operator [Qhol,−]. The further twists by a linear combination of QA and QB can be defined on any complex
surface X, and we showed that they have the following description.
Theorem 1.8 ([EY18, Theorem 4.9, Theorem 4.21]). The two-parameter family of further twists of the holo-
morphic twist generated by QA and QB coincides with the two parameter family of stacks
EOM(λ,µ)(X) ∼= FlatλG(X)µ-dR.
Remark 1.9. The statement of [EY18, Theorem 4.9] is not quite correct. Indeed, while the deformation at the
point (λ, µ) = (1, 0) in the family above coincides with a twist in the two parameter family spanned by QA and
QB , it doesn’t correspond to the point we called QB , as we will explain in the next section and spell out in detail
in Section 3.3.3.
1.3 Goals of this Paper
In this paper, we extend our previous work in two ways.
1. First, we describe the precise relationship between the space of square-zero supertranslations in the Qhol-
cohomology of the N = 4 supersymmetry algebra and the space of further deformations of the holomorphic
twist of the N = 4 field theory. As described in Theorem 1.6 above, this holomorphically twisted theory
can be identified, perturbatively, as the complex
Ω•,•(X, g[ε]) ∼= Ω0,•(X, g[ε, ε1, ε2]),
where ε, ε1, ε2 are degree 1 parameters. There is a three-dimensional space of deformations, corresponding
to the three vector fields ∂ε, ∂ε1 , ∂ε2 . In terms of the topologically twisted theories of Theorem 1.8, when
we turn on the deformation ∂ε we obtain the deformation we called the A-twist, and when we turn on
∂ε1 +∂ε2 we obtain the B-twist. When we identify these deformations with supersymmetric twists however,
there are some subtleties.
(a) As we discussed in [EY18, Section 2.1.1], the two-dimensional family of twists spanned by the A- and
B-deformations must differ from Kapustin–Witten’s two-parameter family of twists. Their family does
not entirely consist of further twists of any single holomorphic supertranslation. We will identify the
twisted theories associated to a larger family of supertranslations, and explain how our family from
our previous work, as well as Kapustin and Witten’s family, sit inside it.
(b) The space of square-zero supertranslations in the Qhol-cohomology of the N = 4 supersymmetry
algebra and the space of deformations of the Qhol-twisted theory are both three-dimensional. There
is a map from the former to the latter, but – somewhat unintuitively – this map is not linear, but
instead is a quadratic L∞ map. We identify this map explicitly in Section 3.3.3.
2. Next, in Section 4, we explain how to go from the derived moduli spaces associated to the N = 4 topological
twists on complex algebraic surfaces of the form C × C, to the categories of twisted D-modules occurring
3Here and later Tf [1]X refers to the formal completion of the zero section in T [1]X .
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in the quantum geometric Langlands correspondence. This procedure involves the idea of “categorified
geometric quantization” (considered by [Wal16] and in forthcoming work of P. Safronov). We emphasise
that this ansatz is not fully developed, and therefore the construction we describe is still somewhat ad
hoc, rather than an application of a systematic method. The idea, in brief, is as follows. Starting with a
1-shifted symplectic derived stack (X , ω) we specify two additional pieces of data:
(a) A prequantization: a Gm-gerbe GX on X with connection, chosen so that its curvature 2-form coincides
with ω.
(b) A polarization: A 1-shifted Lagrangian fibration pi : X → Y. We will assume that GX ∼= pi∗GY for some
Gm gerbe GY on Y.
The ansatz of categorified geometric quantization says, by analogy with the process of geometric quantiza-
tion for ordinary symplectic phase spaces, that we should quantize X by considering the category QCGY (Y)
of quasi-coherent sheaves on Y twisted by the gerbe GY .
We can apply this ansatz to the moduli stacks assigned to the complex surface C×C, where C is a closed
algebraic curve, by the various twists of N = 4 super Yang–Mills. These moduli stacks come equipped with
1-shifted symplectic forms, and we can run the geometric quantization procedure as discussed above. The
main result is the following.
Theorem 1.10 (see Section 4.4). Let Mt be the moduli stack of solutions to the equations of motion
in the twisted theory for a Kapustin–Witten supercharge Qt, where t is a point in CP1, on the algebraic
surface C×C. There is a natural categorified geometric quantization ofMt of the form Dκ(BunG), where
κ coincides with Kapustin and Witten’s canonical parameter Ψ.
In particular, S-duality will act on the parameter κ by sending it to −κ∨, and so the prediction of S-
duality does indeed recover the usual statement of the quantum geometric Langlands equivalence. Our
construction can be applied not only to Kapustin–Witten’s CP1 family of twists, but to all twists of N = 4
theory. For instance, when we apply S-duality to twists by supercharges of rank (2, 1) we again recover
quantum geometric Langlands duality with real parameter κ.
1.4 Conventions
If E is a graded vector bundle on a manifoldM , we write E for its sheaf of smooth sections, and Ec for its cosheaf
of smooth compactly supported sections. We will sometimes refer to the space Oloc(E) of local functionals on E .
This is the topological vector space consisting of those functionals which are given by integrating a density that
varies polynomially in the fields and their derivatives (see [CG18, Section 4.5.1] for a precise definition).
A local L∞ algebra on a manifold M is a Z×Z/2Z-graded vector bundle E where E has the structure of a sheaf
of L∞ algebras such that the differential and the L∞ operations are even for the Z/2Z-grading, and are given by
polydifferential operators Ek → E .
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2 N = 4 Super Yang–Mills Theory
In this section we’ll construct an action of the N = 4 super translation Lie algebra on (complexified) self-dual
N = 4 super Yang–Mills theory on R4. The action of a supercharge commuting with a holomorphic supercharge
Qhol induces a vector field on the holomorphically twisted moduli space: we classify all such supercharges and, in
the next section, the corresponding vector fields. Given such a vector field we can calculate the further twist of
the moduli space, which we do in all cases. Included in this family is a subfamily studied in [EY18] parameterized
by CP1, which induces the moduli spaces occuring in the quantum geometric Langlands program. This family is
closely related to, but does not coincide with, the Kapustin-Witten CP1 family of [KW07].
2.1 Twisting Classical Field Theory
We begin with some general discussion on the notion of supersymmetric twisting for classical field theory. Our
model for classical field theory is based on the classical Batalin-Vilkovisky (BV) formalism [BV81]. The starting
point of the BV formalism can be viewed as coming from derived geometry: given a space F of fields and an
action functional S, we would like to study the solutions to the equations of motion. That is, the space of points
in T ∗F satisfying dS(φ) = 0. We can view this as the intersection ΓdS ∩T∗F F , where ΓdS is the graph of the
derivative dS. In the classical BV formalism we use homological algebra to model this intersection in a derived
sense, i.e. we model the derived intersection ΓdS ∩hT∗F F . We refer to [Cos11; CG18] for more details.
In this paper we will mainly consider the perturbative version of this formalism, meaning that we will try to
model not the entirety of this derived intersection, but only the formal neighborhood of a single point. This
formal neighborhood will be described as a formal moduli problem, or equivalently (using the nexus of ideas
developed by Pridham [Pri10], Lurie [Lur11], Toën [Toë17] and others) as an L∞-algebra.
Definition 2.1. A perturbative classical BV theory on a manifold M is a Z×Z/2Z-graded vector bundle E with
sheaf of sections E , equipped with a local L∞-algebra structure on E [−1], and a (−1)-shifted symplectic pairing
ω : E ⊗ E → DensM [−1] where DensM is the density line number on M ,
We can equivalently realize a classical BV theory as a graded vector bundle E equipped with a (−1)-shifted
symplectic pairing ω, and a local functional S ∈ Oloc(E) satisfying the classical master equation:
{S, S} = 0,
where the bracket here is the BV antibracket acting on local functionals in the field theory (see, for instance,
[ESW20, Section 1.2] for a construction). The kth Taylor coefficient of the functional S can be identified with
the order k − 1 bracket `k−1 of the L∞-algebra according to the formula
S(α) =
∑
k≥1
1
k!ω(α, `k−1(α
⊗k−1)).
We can define the action of a super Lie group on a classical BV theory in the following way. We can think of the
following definition introducing global background fields valued in the Lie algebra of a group G of symmetries,
and extending the action functional to depend on these background fields.
Definition 2.2. Let G be a super Lie group acting smoothly on a manifold M . An action of G on a classical
BV theory E on M consists of the following data.
1. An action of G on the DG vector bundle E, respecting the symplectic pairing and the L∞ structure.
2. An infinitesimal inner action of the Lie algebra g on E . That is, a linear map Sg : Sym≥1(g[−1])→ Oloc(E)
so that S + Sg satisfies the classical master equation. One has the degree k term S(k)g : Symk(g[−1]) →
Oloc(E) for each k ≥ 1.
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These data should together satisfy the condition that the linear term S(1)g in Sg coincides with the derivative of
the induced G-action on Oloc(E).
Now, let’s begin to study supersymmetric field theories. These are field theories equipped with an action of a
supersymmetry group, i.e. a supersymmetric extension of the Poincaré group of isometries of a pseudo-Riemannian
vector space Rp,q, where p+ q = n. It will be enough for us, in order to study twists, to restrict attention to the
action of translations and supertranslations.
Definition 2.3. Let Σ be a real (resp. complex) spinorial representation of Spin(p, q), and fix a nondegenerate
spin-equivariant Γ: Σ ⊗ Σ → Rn (resp Cn), where n = p + q. The real (resp. complex) supertranslation group
associated to Σ and Γ is the super Lie group Rn ⊕ΠΣ (resp. Cn ⊕ΠΣ), with the only non-trivial bracket given
by Γ.
Definition 2.4. The 4d N = 4 supertranslation group TN=4 is the complex supertranslation group in dimension
4 with Σ = S+ ⊗W ⊕ S− ⊗W ∗, where W is a 4 dimensional complex vector space, and S± are the positive
and negative helicity Weyl spinor representations. That is, Spin(4) ∼= SU(2) × SU(2), and S± are the defining
representations of the two factors. The pairing Γ is defined by identifying the complex vector representation of
Spin(4) with the tensor product S+ ⊗ S−, and taking the composite
(S+ ⊗W )⊗ (S− ⊗W ∗)→ S+ ⊗ S− ∼= C4.
From now on we will restrict attention to this example, so to classical BV theories on R4 equipped with an
action of the group TN=4. We’ll be interested in twisting theories of this form. The idea is that we modify the
differential on the classical BV complex E using an odd element Q of the supertranslation algebra, which squares
to zero. We refer to [ESW20] for a more detailed discussion.
Definition 2.5. The twist of a supersymmetric classical BV theory E by an odd element Q ∈ TN=4 satisfying
Γ(Q,Q) = 0 is the Z/2Z-graded classical field theory EQ defined by adding the term Sg(Q) to the action-
functional.
We can promote the Z/2Z-graded theory to a Z-graded theory by choosing an addition piece of data.
Definition 2.6. A twisting datum is a pair (α,Q), where Q is a square-zero supertranslation as above, and α is
an action of U(1) on E so that Q has weight one. Given a twisting datum, the corresponding Z-graded twisted
theory is defined by taking the theory E and adding the α-weight to the cohomological grading. With respect
to the new grading the term Sg(Q) has cohomological degree zero, so the Z/2Z-graded twisted theory EQ is
promoted to a Z-graded theory.
Remark 2.7. One can also study twisting in the non-perturbative setting, on the level of the derived stack
of solutions to the equations of motion. In [EY18] we discussed twists of N = 4 super Yang–Mills from this
point of view, by considering theories where the moduli space was a derived thickening of a fixed base space,
left unchanged by the action of the twisting data. In this setting we were able to discuss the global structure of
twists by twisting the fibers over this fixed base. In this paper we’ll show how the twists we studied there match
up with twists associated to the action of specific families of supercharges in the N = 4 supertranslation algebra.
2.2 N = 4 Super Yang–Mills Theory and Twistors
The theories of our interest are supersymmetric twists of N = 4 super Yang–Mills theory on R4. This theory
can be obtained in two very different ways. Either one can first define a maximally supersymmetric Yang–Mills
theory on R10, with N = (1, 0) supersymmetry, and dimensionally reduce it along R6, or one can define a
supertranslation invariant field theory on a complex 3-fold – twistor space – and dimensionally reduce it along a
CP1-fibration.
In this paper and in this section, we will construct twists using the second approach. That is, we will review the
construction of self-dual N = 4 super Yang–Mills theory on R4 via dimensional reduction from twistor space,
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due originally to Witten [Wit04] and Boels, Mason and Skinner [BMS07]. For more details on our perspective
we refer the reader to the discussion in [Cos13] and [EY18, Section 3.2].
Definition 2.8. Let W be the 4-dimensional auxiliary space in the N = 4 supersymmetry algebra. The N = 4
super twistor space PTN=4 is the super complex variety defined to be the total space of the super vector bundle
O(1)⊗ΠW → CP3. The twistor morphism associated to this super twistor space is the smooth map
p′ : PTN=4 → HP1 ∼= S4,
given by composing the projection with the canonical map CP3 → HP1. When we restrict to the complement of
a point ∞ ∈ S4, we obtain a smooth map
p : PTN=4 \ CP1 → R4,
where CP1 is the (even part of) the fiber of p′ over ∞
Remark 2.9. In other words, PTN=4 is just the super projective space CP3|4. This carries a super Calabi–Yau
structure, since the Berezinian of CPn|s is readily computed to be isomorphic to O(s− n− 1).
The following action is constructed in [Cos13, Lemma 14.8.1].
Lemma 2.10. There is a natural action of the N = 4 supertranslation algebra TN=4 on PTN=4 \ CP1.
This action is constructed as follows.
• First, the ordinary translations act by translating the base of the fibration p : PTN=4 \ CP1 → R4.
• By trivializing the fibration p, we can smoothly identify PTN=4 \ CP1 with the total space O(1)⊗ (ΠW ⊕
S−)→ PS+. There is an action of ΠW ∗⊗S− on this total space, by embedding ΠW ∗⊗S− ∼= Hom(ΠW,S−)
in End(ΠW ⊕ S−), and acting on the fibers.
• There is also a canonical identification ΠW ⊗S+ ∼= H0(P(S+),O(1)⊗ΠW ). We can use this identification
to define an action ΠW ⊗S+ on the total space of our vector bundle by translating the fiber by the section
associated to an element of ΠW ⊗ S+.
One can then check that these three constituent parts of the action satisfy the appropriate commutation relations.
We will obtain N = 4 super Yang–Mills theory by dimensionally reducing an appropriate super translation
invariant theory built using super twistor space.
Definition 2.11. Holomorphic Chern–Simons theory on N = 4 super twistor space with Lie algebra g is the
classical BV theory with BV fields Ω0,•(PTN=4 \ CP1)⊗g[1], with bracket given by the combination of the super
Calabi–Yau structure on super twistor space and the invariant pairing on g.
Now, N = 4 super Yang–Mills theory on R4 is the theory obtained by dimensionally reducing N = (1, 0)
super Yang–Mills theory on R10 along a projection R10 → R4. This theory degenerates to the theory of self-
dual N = 4 super Yang–Mills theory in the following way. One can describe 4d Yang–Mills theory with fields
including a g-valued 1-form A and a g-valued 2-form B, with action functional including terms of the form∫ 〈d+A ∧ B〉 + g〈B ∧ B〉, for g a positive constant. This is the first-order formalism of Yang–Mills theory, as
explained – in the BV formalism – in [Cos11; EWY18]. The degeneration to self-dual Yang–Mills theory entails
subtracting the 〈B ∧B〉 term from the action functional, or setting g = 0.
The following theorem is proven on the level of cochain complexes in [EY18, Proposition 3.17]. For the non-
supersymmetric theories it was proven on the level of L∞ algebras by Movshev [Mov08].
Theorem 2.12. There is a supertranslation-equivariant equivalence of classical field theories between the fol-
lowing two theories.
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• The dimensional reduction of holomorphic Chern–Simons theory along the projection p.
• Self-dual N = 4 super Yang–Mills theory on R4.
Remark 2.13. We will not need to be too concerned with the difference between ordinary and self-dual N = 4
super Yang–Mills theory. After taking any non-trivial twist, the difference between the two action functionals
becomes Q-exact, and hence the two theories become equivalent.
Remark 2.14. One feature of the super twistor space perspective, and one of the main topics of [EY18], is
that it allows us to construct algebraic structures on twists of super Yang–Mills theory. Indeed, super twistor
space, being a projective space, naturally has the structure of a complex algebraic variety. We used this algebraic
structure to realize the holomorphic twist of N = 4 super Yang–Mills and its further deformations as algebraic
quantum field theories on C2, or more generally on a smooth algebraic surface. This in particular means that
the classical BV complex E can be described in a purely algebraic way, where the L∞ structure can also be given
in terms of algebraic differential operators.
2.3 Description of the Supersymmetry Action
Let’s use the manifest supertranslation action on super twistor space to give an explicit description of the
supertranslation action on the classical BV complex of self-dual N = 4 super Yang–Mills theory on R4. We begin
with the 6d holomorphic Chern–Simons theory on super twistor space itself. The supertranslation action here is
inherited from the supertranslation action on super twistor space. Thus, there are two different descriptions of the
positive and negative sectors of the space of supertranslations. We will use the notation z1, z2 and θ1, . . . , θ4 for
complex coordinates in the even and odd directions respectively of the fiber of the map pi : PTN=4\CP1 → P(S+).
• First, given an element Q+ = α ⊗ w ∈ S+ ⊗W , it acts on super twistor space by a shear transformation.
In the coordinates above, this transformation can be written as the vector field [α](w · ∂θ), where [α] is the
image of α under the projection from S+ \ {0} → P(S+). Hence, on holomorphic Chern–Simons theory,
the supertranslation acts by adding this differential operator to the differential ∂ on Ω0,•(PTN=4 \CP1; g).
• Now, given an element Q− = α∨⊗w∗ ∈ S−⊗W ∗, it acts on super twistor space by a superspace rotation.
In the coordinates above, this transformation can be written as the vector field 〈w∗, θ〉(α∨ · ∂z), where 〈, 〉
denotes the C-valued pairing between W and W ∗, and α∨ · ∂z is the constant vector field on S− associated
to the element α∨. Therefore, on holomorphic Chern–Simons theory, the supertranslation acts by adding
this differential operator to the differential ∂ on Ω0,•(PTN=4 \ CP1; g).
2.4 Classification of Twists
There are several possible twists of N = 4 super Yang–Mills theory. We obtain a twisted theory for each square
zero supertranslation Q; within the space of square-zero supercharges there are a few different equivalence classes
of twisted theory, corresponding to the orbits under the action of Spin(4), and of the R-symmetry group SL(4;C).
This classification (in all dimensions) was analyzed in [ES19; ESW20; ESW18], and we refer there for more details.
An element Q ∈ S+ ⊗W ⊕ S− ⊗W ∗ is equivalent to a pair of homomorphisms W ∗ → S+ and W → S−. We
index such a pair of homomorphisms by their ranks, so by a pair of non-negative integers (p, q), both at most 2.
The orbits in the space of square zero supercharges admit the following classification.
• Rank (1, 0) and (0, 1). These twists are holomorphic,
• Rank (2, 0) and (0, 2). These twists are topological.
• Rank (1, 1). This twist is intermediate, with 3-invariant directions
• Rank (2, 1) and (1, 2). These twists are topological.
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• Rank (2, 2). Unlike the earlier examples, the space of square-zero supercharges of full rank decomposes
further. There is a C×-family of orbits indexed by a parameter s, which can be obtained as the ratio
between the canonical volume form on the SL(4;C)-representation W and the volume form induced from
the volume forms on S+ and S− by the element (Q+, Q−) ∈ S+ ⊗W ⊕ S− ⊗W ∗, viewed as a short exact
sequence
0→ S+ →W → S− → 0.
It is sometimes valuable to restrict attention to those supertranslations which are fixed by a twisting homomor-
phism from Spin(4;C) to the R-symmetry group SL(4;C). The idea is as follows. The space of supertranslations
is a module for Spin(4;C)×SL(4;C). Fix a subgroup ι : G ↪→ Spin(4;C) and a homomorphism φ : G→ SL(4;C).
Definition 2.15. Say that a supertranslation Q is compatible with φ if it is invariant for the action of the
subgroup
(ι, φ) : G→ Spin(4;C)× SL(4;C).
If Q is compatible with a twisting homomorphism φ, then we can use the twisting homomorphism to define the
Q-twisted theory not just on R4, but on general G-structured manifolds.
Consider the Kapustin–Witten twisting homomorphism:
φKW : Spin(4;C) ∼= SL(2;C)× SL(2;C)→ SL(4;C)
(A,B) 7→ diag(A,B).
It’s easy to check that there is a CP1-family of inequivalent supertranslationsQ compatible with the full Kapustin–
Witten twisting homomorphism, comprising the C×-family of rank (2, 2)-twists, and the rank (0, 2) and (2, 0)
twists at the poles.
From now on we will fix a basis {α1, α2} for S+, a basis {α∨1 , α∨2 } for S−, and a basis {e1, e2, f1, f2} forW . Under
the Kapustin–Witten twisting homomorphism, SL(2;C)+ will act on e1 and e2 by the defining representation,
and likewise SL(2;C)− will act on f1 and f2. Linear combinations of the rank (2, 0) and (0, 2) supertranslations
α1 ⊗ e2 − α2 ⊗ e1 and α∨1 ⊗ f∗2 − α∨2 ⊗ f∗1 will be left invariant by the twisted Spin(4;C) action.
Proposition 2.16. There is a (CP1 ×CP1)-family of supertranslations compatible with this restricted twisting
homomorphism.
Proof. As a representation of SL(2;C) after turning on the twisting homomorphism, the space of supercharges
can be identified with
S+ ⊗W ⊕ S− ⊗W ∗ ∼= S ⊗ (S ⊕ S)⊕ S ⊗ (S ⊕ S)
∼= (C⊕ Sym2(S))4,
where the four scalar factors are spanned by the elements α1 ⊗ e2, α2 ⊗ e1, α∨1 ⊗ f∗2 and α∨2 ⊗ f∗1 . On this four-
dimensional space, there is a residual R-symmetry action by a rank two complex torus, where the two generators
act with weight one on e1, f∗1 and e2, f∗2 respectively. Let us restrict to the locus where neither of the pairs (e1, f∗1 )
and (e2, f∗2 ) are equal to (0, 0). The quotient of this locus (C2 \ C)2 by this action is exactly CP1 × CP1.
3 Twisting N = 4 Theory
Having set up the necessary background, we can discuss the computation of the twist of N = 4 super Yang–Mills
theory by the various twists described above. Our approach will be to begin by computing the holomorphic
twists by rank (1, 0) and (0, 1) supercharges and then their further twists in each case. Twists of rank (1, 1) and
higher can be obtained starting from either holomorphic point, and we will compare the two descriptions.
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3.1 Dimensional Reduction
Let us first investigate the dimensional reduction of the action discussed in Section 2.3 to R4. We first identify
the classical BV complex of our holomorphic Chern–Simons theory as follows. Recall that we have fixed an
isomorphism of Spin(4)-representations S+ ⊗ S− → C4. In terms of the bases αi for S+ and α∨i for S−, let us
say that α1 ⊗ α∨i 7→ ∂zi , and α2 ⊗ α∨i 7→ ∂zi .
Proposition 3.1. The classical BV complex of holomorphic Chern–Simons theory on super twistor space is
equivalent to the total complex of the triple complex⊕
i,j,k
C∞(C2)⊗ Ω0,i(P(S+);∧j(O(1)⊗ S−)⊗ Symk(ΠO(−1)⊗W ∗)⊗ g)),
where the summands live in cohomological degree i + j − 1 and fermionic degree k (mod 2). The differential
is given by the sum of di = ∂P(S+) and dj , which is given by the operator
∑2
i=1 ∂zi ⊗ (α1 ⊗ α∨i ), where zi are
coordinates on C2, and α1⊗α∨i is considered as a section of O(1)⊗S−. There is no additional differential in the
k direction.
Proof. The BV complex for holomorphic Chern–Simons theory on PTN=4 is given by
Ω0,•(PTN=4 \ CP1; g) ∼= Ω0,•(PT \ CP1; Sym•(Π(O(−1)⊗W ∗)⊗ g)
with the differential induced from the Dolbeault differential of (PTN=4 \CP1. Note that the Dolbeault forms are
generated by functions and anti-holomorphic 1-forms. As T ∗PT\CP1 = pi
∗(O(−2)⊕O(−1)⊗ S∗−), one has
Ω0,•(PT \ CP1) ∼= Γ(PT \ CP1,∧•T ∗PT\CP1) ∼= Γ(PT \ CP1;∧•pi∗(O(−2)⊕O(−1)⊗ S∗−))
∼= C∞(C2)⊗ Γ(P(S+);∧•(O(−2)⊕O(1)⊗ S−))
∼= C∞(C2)⊗ Ω0,•(P(S+);∧•(O(1)⊗ S−)).
Hence the BV complex of interest is⊕
i,j,k
C∞(C2)⊗ Ω0,i(P(S+);∧j(O(1)⊗ S−)⊗ Symk(ΠO(−1)⊗W ∗)⊗ g)
where such a term is in cohomological degree i+ j−1 and fermionic degree k (mod 2). The Dolbeault differential
has summands associated to coordinates on the base P(S+) and the fiber of pi : PT \ CP1 → P(S+). The first
summand di is just the Dolbeault differential on the base. The second summand dj is the Dolbeault differential
on the two-dimensional fiber.
Dimensional reduction to R4 ∼= C2 simply entails taking the di-cohomology. We can compute what happens to
the differential dj and the supertranslation action using the corresponding spectral sequence.
Proposition 3.2 ([EY18, Proposition 3.17]). The classical BV complex of holomorphic Chern–Simons theory
on super twistor space is quasi-isomorphic to the following Z × Z/2Z-graded complex by taking di-cohomology
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and computing the further differentials acting on the E2 page of the spectral sequence of the double complex:
−1 0 1 2
Ω0(R4; g) d // Ω1(R4; g)
d+
// Ω2+(R4; g)
Ω0(R4;S− ⊗ΠW ∗ ⊗ g)
/d
// Ω0(S+ ⊗ΠW ∗ ⊗ g)
Ω0(R4;∧2W ∗ ⊗ g) ∆ // Ω0(R4;∧2W ∗ ⊗ g)
Ω0(R4;S+ ⊗Π ∧3 W ∗ ⊗ g)
/d
// Ω0(R4;S− ⊗Π ∧3 W ∗ ⊗ g)
Ω2+(R4;∧4W ∗ ⊗ g) d // Ω3(R4;∧4W ∗ ⊗ g) d // Ω4(R4;∧4W ∗ ⊗ g).
Let us consider the action of a supertranslation Q+ = α ⊗ w in S+ ⊗ W on this complex. Recall that the
supertranslation acts on super twistor space by a shear transformation. The corresponding action on Ω0,• is
by contraction with this vector field. In terms of the trigrading (i, j, k), the supertranslation Q+ has i-degree
0, j-degree 0 and k-degree −1. The action of Q+ on the di-cohomology will split into two pieces: an operator
acting on the E1-page of the spectral sequence with degree (0, 0,−1), and a correction term on the E2-page of
the spectral sequence with degree (−1, 1,−1).
Proposition 3.3. The action of the supertranslation Q+ = α ⊗ w on the complex of Proposition 3.2 is by the
operator
−1 0 1 2
Ω0(R4; g) // Ω1(R4; g) // Ω2+(R4; g)
Ω0(R4;S− ⊗ΠW ∗ ⊗ g)
−tα⊗iw
OO
// Ω0(R4;S+ ⊗ΠW ∗ ⊗ g)
tα⊗iw
OO
Ω0(R4;∧2W ∗ ⊗ g)
dα⊗iw
OO
// Ω0(R4;∧2W ∗ ⊗ g)
−tα⊗iw
OO
Ω0(R4;S+ ⊗Π ∧3 W ∗ ⊗ g)
−tα⊗iw
OO
// Ω0(R4;S− ⊗Π ∧3 W ∗ ⊗ g)
dα⊗iw
OO
Ω2−(R4;∧4W ∗ ⊗ g) //
tα⊗iw
OO
Ω3(R4;∧4W ∗ ⊗ g)
−tα⊗iw
OO
// Ω4(R4;∧4W ∗ ⊗ g),
where tα ⊗ iw : ∧k W ∗ → S+ ⊗ ∧k−1W ∗ acts by tensoring with α ∈ S+ ∼= S∗+ and contracting with w ∈W , and
dα⊗ iw : Ω0(R4;S−⊗∧kW ∗)→ Ω0(R4;∧k−1W ∗) still contracts with w ∈W , but now we first tensor with α and
then use the isomorphism S+⊗S− ∼= C4 to identify an element of S+⊗S− with a first order differential operator
acting on C-valued functions on R4.
Proof. We will use a spectral sequence argument as described above: the operator tα⊗ iw will be the differential
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d1 on the E1-page, and the operator dα ⊗ iw will be the differential d2 on the E2-page. Specifically, we consider
the spectral sequence of the double complex with gradings (j − k, i), with differentials dj and S(1)(Q+), the
action of Q+. There are no further differentials in the spectral sequence beyond the E3-page for degree reasons.
We study the differential d1 first, this is just the residual action of S(1)(Q+) on the di-cohomology. This
supertranslation, as described in Section 2.3, acts on supertwistor space by a shear transformation [α](w · ∂θ),
where [α] is multiplication by a projective coordinate on P(S+). The differential d1 is by contraction with this
vector field: the contraction with w · ∂θ operator is iw, and multiplication by [α] corresponds to the operator
(−1)i+j+ktα.
We now compute the differential d2 on the E2 page of the spectral sequence. By inspecting the degrees in which
the complex is supported, the only possible differentials on this page go from (i, j, k) = (1, 0, 2) to (0, 1, 1) and
(1, 1, 3) to (0, 2, 2). We compute these differentials as the composite dj ◦ d−1i ◦ (tα ⊗ iw), acting as dα ⊗ iw as
described above. Indeed, concretely this operator acts by contracting with w in the
∧•(W ) factor, and by the
composite
Ω0(C2)⊗ Ω0,1(P(S+);O(−2))) [α]−−→ Ω0(C2)⊗ Ω0,1(P(S+);O(−1)))
→ Ω0(C2)⊗ Ω0,0(P(S+);O(−1)))
∂z1⊗α1⊗α∨1 +∂z2⊗α1⊗α∨2−−−−−−−−−−−−−−−−−→ Ω0(C2)⊗ Ω0,0(P(S+);S−)),
where we first multiply the Kähler form ω on P(S+) by α (the chosen coordinate function on P(S+)), then
choose a potential under ∂ on P(S+), and finally act by the operator sending an element F ⊗ f in Ω0(C2) ⊗
Ω0,0(P(S+);O(−1)) to ∂z1F ⊗ α1f ⊗ α∨1 + ∂z2F ⊗ α1f ⊗ α∨2 . We can see the action is as described above by
applying this composite to an element of the form F ⊗ω in Ω0(C2; Ω0,1(P(S+);O(−2))), and taking the induced
map on Dolbeault cohomology. Passing to cohomology ensures that the composite is independent of the choice
of potential in the middle arrow.
Let us now consider the action of a supertranslation Q− = α∨ ⊗ w∗ ∈ S− ⊗W ∗.
Proposition 3.4. The action of the supertranslation Q− = α∨⊗w∗ on the complex of Proposition 3.2 is by the
operator
−1 0 1 2
Ω0(R4; g) // Ω1(R4; g) //
dα∨⊗tw∗

Ω2+(R4; g)
−dα∨⊗tw∗

Ω0(R4;S− ⊗ΠW ∗ ⊗ g) //
−tα∨⊗tw∗

Ω0(S+ ⊗ΠW ∗ ⊗ g)
dα∨⊗tw∗

Ω0(R4;∧2W ∗ ⊗ g) //
dα∨⊗tw∗

Ω0(R4;∧2W ∗ ⊗ g)
−tα∨⊗tw∗

Ω0(R4;S+ ⊗Π ∧3 W ∗ ⊗ g)
−dα∨⊗tw∗

// Ω0(R4;S− ⊗Π ∧3 W ∗ ⊗ g)
dα∨⊗tw∗

Ω2−(R4;∧4W ∗ ⊗ g) // Ω3(R4;∧4W ∗ ⊗ g) // Ω4(R4;∧4W ∗ ⊗ g),
where the operator tα∨⊗tw∗ is by tensoring with α∨⊗w∗, and the operator dα∨⊗tw∗ is the first order differential
operator defined as in Proposition 3.3.
Proof. The calculation here follows the same procedure as that of Proposition 3.3, where the action is generated
by the first two differentials in the spectral sequence of the double complex. Recall that a negative spinor
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Q− = α∨ ⊗ w∗ acts on super twistor space by a superspace rotation, which we described as the vector field
〈w∗, θ〉(α∨ · ∂z). The first factor 〈w∗, θ〉 is just the tensoring by w∗ operator tw∗ . The second factor is the
differential operator we have denoted by dα∨ . The differential d2 on the E2 page of the spectral sequence acts as
the composite di◦d−1j ◦(dα∨⊗tw∗), which is just tα∨⊗tw∗ by a similar calculation to the previous proposition.
The action of the supertranslation algebra obtained here by transferring along the quasi-isomorphism of Propo-
sition 3.2 is not strict, but only an L∞ action. There is an explicit quadratic L∞ correction term to the action
described so far, associated to a pair of supertranslations Q+ ∈ S+⊗W and Q− ∈ S−⊗W ∗. Its form is somewhat
complicated, so we won’t derive it here, but such correction terms are calculated in [ESW20] (for instance, refer
to equation (34) of loc. cit, and dimensionally reduce from 10 to 4 dimensions).
3.2 Holomorphic Twists
Fix first a holomorphic supercharge of rank (1, 0), sayQhol = α1⊗e2. Such a holomorphic supercharge corresponds
in particular to a choice of complex structure on R4. Consider the homomorphism ι : U(2)→ Spin(4) ∼= SU(2)+×
SU(2)− associated to this choice of complex structure, when restricted to SU(2) ⊆ U(2) this is just the inclusion
of {1} × SU(2)−. We will consider the classical BV complex of N = 4 super Yang–Mills theory as a U(2)-
representation, under the homomorphism
(ι, φKW ◦ ι) : U(2)→ Spin(4)× SL(4;C)R
into the product of the spin group and the group of R-symmetries (acting on W ).
Proposition 3.5. As a U(2)-representation, the classical BV complex of Proposition 3.2 decomposes into sum-
mands with the following form:
−1 0 1 2
Ω0(C2; g) // Ω0,1(C2; g)⊕ Ω1,0(C2; g) // Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
ΠΩ1,0(C2; g) // Π(Ω2,2(C2; g)⊕ Ω2,0(C2; g))
ΠΩ1,1(C2; g) // Π(Ω1,2(C2; g)⊕ Ω2,1(C2; g))
ΠΩ0,1(C2; g) // Π(Ω2,2(C2; g)⊕ Ω0,2(C2; g))
Ω1,0(C2; g) // Ω2,1(C2; g)
Ω0(C2; g)⊕ Ω1,1‖ (C2; g) // Ω2,2(C2; g)⊕ Ω1,1‖ (C2; g)
Ω0,1(C2; g) // Ω1,2(C2; g)
Π(Ω0(C2; g)⊕ Ω2,0(C2; g)) // ΠΩ2,1(C2; g)
ΠΩ1,0(C2; g)⊕ΠΩ0,1(C2; g) // ΠΩ1,1(C2; g)
Π(Ω0(C2; g)⊕ Ω0,2(C2; g)) // ΠΩ1,2(C2; g)
Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g) // Ω1,2(C2; g)⊕ Ω2,1(C2; g) // Ω2,2(C2; g),
where Ω1,1(C2; g) decomposes into Ω1,1‖ (C2; g)⊕ Ω1,1⊥ (C2; g): the components proportional to and orthogonal to
the Kähler form dz1 ∧ dz1 + dz2 ∧ dz2 on C2.
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Proof. This follows from the following observations about the restriction of complex Spin(4)-representations to
U(2):
Ω0(R4;S−) ∼= Ω0,1(C2)
Ω0(R4;S+) ∼= Ω0(C2)⊕ Ω2,0(C2)
Ω1(R4) ∼= Ω0,1(C2)⊕ Ω1,0(C2)
Ω2+(R4) ∼= Ω0,2(C2)⊕ Ω2,0(C2)⊕ Ω1,1‖ (C2)
W ∼= S+ ⊕ S− ∼= C⊕ V 2,0 ⊕ V 0,1
Now, let’s consider the action of the supertranslation Qhol = α1 ⊗ e2. This element is stabilized by U(2), and
hence the part of the associated differential operator of degree 0 will be a U(2)-equivariant map. Before we write
the action, let us shift the degrees of some of our fields in order to make the Qhol-twisted theory Z-graded. We
do this, as described in Definition 2.6 by choosing a subgroup αhol : U(1) ↪→ GR of the R-symmetry group so
that Qhol has weight 1. In this case, GR = SL(4;C) and we can choose the subgroup where e2 has weight 1, e1
has weight −1 and f1, f2 have weight 0.
Lemma 3.6. The twist of 4d N = 4 self-dual Yang–Mills theory by the twisting datum (Qhol, αhol) has the
following classical BV complex, considered as a U(2)-module:
Ω0(C2; g) // Ω0,1(C2; g)⊕ Ω1,0(C2; g) // Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
Ω1,0(C2; g)
33
// Ω2,2(C2; g)⊕ Ω2,0(C2; g)
22
ΠΩ1,1(C2; g) // Π(Ω1,2(C2; g)⊕ Ω2,1(C2; g))
Ω0,1(C2; g) // Ω2,2(C2; g)⊕ Ω0,2(C2; g)
ΠΩ1,0(C2; g)
77
// ΠΩ2,1(C2; g)
66
Ω0(C2; g)⊕ Ω1,1‖ (C2; g)
66
// Ω2,2(C2; g)⊕ Ω1,1‖ (C2; g)
(∗)
77
ΠΩ0,1(C2; g) // ΠΩ1,2(C2; g)
Ω0(C2; g)⊕ Ω2,0(C2; g)
(∗)
88
// Ω2,1(C2; g)
66
Π(Ω1,0(C2; g)⊕ Ω0,1(C2; g))
66
// ΠΩ1,1(C2; g)
77
Ω0(C2; g)⊕ Ω0,2(C2; g) // Ω1,2(C2; g)
Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
22
// Ω1,2(C2; g)⊕ Ω2,1(C2; g)
33
// Ω2,2(C2; g),
where the blue arrows, coming from the differential d1 in the spectral sequence of the double complex, are given
by the signed identity map between matching terms (−1)k+` : Π`Ωp,q[k + 1] → Π`Ωp,q[k], with the exceptions
of the differentials indicated by (∗), which instead are given by the Lefschetz operator (−1)kL : Ωp,p[k + 1] →
Ωp+1,p+1[k]. The green arrows, coming from the differential d2 in the spectral sequence, are given by the
differential (−1)k+`∂ : Π`Ωp,q[k + 1]→ Π`Ωp,q+1[k].
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Proof. The complex with the black differentials only comes from the complex of Proposition 3.5 by shifting the
summands in ∧n(W ) by the αhol-weight. The differential d1 = tα ⊗ iw from Proposition 3.3, indicated in blue,
corresponds to U(2)-invariant maps between terms in this complex. Almost all such maps is uniquely determined
up to a scalar, and all these scalars are fixed to be ±1 depending on degree by a simple calculation: in the basis
(αi) for S+ and {e1, e2, f1, f2} for W , the operator tα1 ⊗ ie2 sends tensor products of basis vectors to tensor
products of basis vectors.
The maps that are not uniquely determined are those indicated by (∗) in the diagram. Let’s determine the
differential Ω0(C2; g) → Ω0(C2; g) ⊕ Ω1,1‖ (C2; g): the determination of the dual arrow is identical. The two
components of the target Ω0(C2; g) ⊕ Ω1,1‖ (C2; g) are generated as Ω0(C2; g)-modules by e∗1 ∧ e∗2 and f∗1 ∧ f∗2
respectively. The source is proportional to e∗1 ∧ f∗1 ∧ f∗2 , so the map tα1 ⊗ ie1 only hits the second factor.
The differential d2 = dα⊗i2 from Proposition 3.3, indicated in green, corresponds to a first-order anti-holomorphic
differential operator between terms in the complex. Each such map is again uniquely determined up to a scalar,
and these scalars are fixed to be ±1 again by a calculation analogous to that discussed above.
This holomorphically twisted theory is equivalent to a theory with a much more familiar description via the
complex of (p, q) forms on C2. In fact, the equivalence can be realized as a deformation retraction. Recall that
a cochain complex L0 is a deformation retraction of a cochain complex L if one can construct cochain maps
L0
i // L
p
oo h
yy
where i and p have cohomological degree 0, p ◦ i = idL0 , and h is a cochain homotopy from i ◦ p to idL.
Theorem 3.7. The twist of N = 4 self-dual Yang–Mills by the twisting datum (Qhol, αhol) has a deformation
retract given by the classical BV theory (Ω•,•(C2; g[1] ⊕ g), ∂), with symplectic pairing given by the invariant
pairing of the two copies of g (an instance of holomorphic BF theory).
Remarks 3.8. 1. The twisted theory discussed here is an example of holomorphic BF theory, valued in the
super Lie algebra g[ε1, ε2] where εi are odd parameters.
2. The same result appeared as [EY18, Theorem 4.2], though using a different argument. We present a new
argument here that can be used when comparing the further deformations of the holomorphic twist with
the further twists by supercharges commuting with Qhol.
3. Using the methods of [EY18] we can give a non-perturbative description of the holomorphically twisted
theory, as we discussed there. When we work globally we can identify the moduli space of solutions to
the equations of motion of the holomorphic twist on a complex algebraic surface X with the derived stack
Tf [1] HiggsG(X): the 1-shifted tangent space to the moduli stack of G-Higgs bundles on X.
4. One can also compare this calculation to the calculation of the same theory by dimensional reduction from
10 dimensions in [ESW20, Theorem 10.9].
Proof. We will split the twisted classical BV complex up into summands, and identify each summand explicitly
as retracting onto Ωk,•(C2) for some k. We begin with the first two rows in our diagram:
Ω0(C2; g) // Ω0,1(C2; g)⊕ Ω1,0(C2; g) // Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
Ω1,0(C2; g)
44
// Ω2,2(C2; g)⊕ Ω2,0(C2; g).
22
The canonical projection on the Dolbeault complex Ω0,•(C2; g) is a quasi-isomorphism, so this defines our map
p. It has an explicit quasi-inverse i from Ω0,•(C2; g), given by the sum of the canonical inclusion (which is not
a cochain map by itself) with the map sending an element (α0, α0,1, α0,2) to (∂α0, L∂α0,1) ∈ Ω0,1(C2; g) ⊕
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Ω2,2(C2; g)[−1], where L is the Lefschetz operator. The cochain homotopy h is just the degree −1 iden-
tity map between the two copies of the factors Ω1,0(C2; g) and Ω2,0(C2; g) as well as the Lefschetz operators
L : Ω1,1‖ (C2; g)→ Ω2,2(C2; g).
Next we take the third and fifth rows:
ΠΩ1,1(C2; g) // Π(Ω1,2(C2; g)⊕ Ω2,1(C2; g))
ΠΩ1,0(C2; g)
99
// ΠΩ2,1(C2; g)
66
Again, as the canonical projection on to the complex ΠΩ1,•(C2; g) with differential ∂ is a quasi-isomorphism,
this defines our map p. It has an explicit quasi-inverse given by the sum of the canonical inclusion and the map
sending (α1,0, α1,1, α1,2) to ∂α1,1 in ΠΩ2,1(C2; g). The cochain homotopy h is just the degree −1 identity map
between the two copies of ΠΩ2,1(C2; g).
Next we take the subcomplex
Ω0,1(C2; g) // Ω2,2(C2; g)⊕ Ω0,2(C2; g)
Ω0(C2; g)⊕ Ω1,1‖ (C2; g)
55
// Ω2,2(C2; g)⊕ Ω1,1‖ (C2; g)
55
Ω0(C2; g)⊕ Ω2,0(C2; g)
55
// Ω2,1(C2; g).
55
The map p is defined by the sum of the projection on to the direct sum Ω0,•(C2; g) ⊕ Ω2,•(C2; g) and the map
sending α1,1 in Ω1,1‖ (C2; g) to ∂α1,1 in Ω2,1(C2; g). The map i is defined to be the sum of the inclusion of
the direct sum Ω0,•(C2; g) ⊕ Ω2,•(C2; g) and the map sending α0,1 in Ω0,1(C2; g) to pi∂α0,1 in Ω1,1‖ (C2; g). The
cochain homotopy h consists of the sum of the inverse Lefschetz operators Λ: Ω2,2(C2; g) → Ω1,1‖ (C2; g) and
Λ: Ω1,1‖ (C2; g)→ Ω0(C2; g) of cohomological degree −1.
Fourth, consider the subcomplex
ΠΩ0,1(C2; g) // ΠΩ1,2(C2; g)
Π(Ω1,0(C2; g)⊕ Ω0,1(C2; g))
88
// ΠΩ1,1(C2; g).
<<
The canonical inclusion of the complex ΠΩ1,•(C2; g) is again a quasi-isomorphism, this defines our map i. It has a
quasi-inverse p defined by the sum of the projection on to ΠΩ1,•(C2; g) and the map sending α0,1 ∈ ΠΩ0,1(C2; g)
to ∂α0,1 in ΠΩ1,1(C2; g). The cochain homotopy h is given by the degree −1 identity map between the two copies
of ΠΩ0,1(C2; g).
Finally we consider the last two rows:
Ω0(C2; g)⊕ Ω0,2(C2; g) // Ω1,2(C2; g)
Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
33
// Ω1,2(C2; g)⊕ Ω2,1(C2; g)
55
// Ω2,2(C2; g),
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which is quasi-isomorphic to Ω2,•(C2; g) via the canonical inclusion, this defines our map i. It has a quasi-inverse
p defined by the sum of the projection onto Ω2,•(C2; g), the map sending α0 in Ω0(C2; g) to L∂ω0 in Ω2,1(C2; g),
and the map sending α1,2 in Ω1,2(C2; g) to ∂α1,2 in Ω2,2(C2; g). The cochain homotopy h is just the degree −1
identity map between the two copies of the factors Ω0,2(C2; g) and Ω1,2(C2; g) as well as the Lefschetz operators
L : Ω0(C2; g)→ Ω1,1‖ (C2; g).
The fact that this equivalence is compatible with the symplectic pairing that pairs the two copies of g follows by
a direct calculation.
Remark 3.9. This argument only demonstrates the equivalence between the two theories at the level of cochain
complexes, but both the holomorphic twist and the complex (Ω•,•(C2; g[1] ⊕ g), ∂) come equipped with dg Lie
structures (or equivalently with the datum of a BV interaction functional). Because we have the data of a
deformation retract, we could explicitly compute the homotopy transfer of the Lie bracket using the explicit
formulas of [LV12, Theorem 10.3.9], and check that it coincides with the natural bracket induced from the
bracket on g. We will not do this calculation here, instead referring to the argument in [ESW20, Theorem 10.9].
Now, let us consider a holomorphic supertranslation Q′hol = α∨1 ⊗ f∗2 lying in the negative helicity part of
the supertranslation algebra. We will show that the the twist by this supercharge is equivalent to the same
holomorphic BF theory. This supercharge is fixed by image of the embedding U(2) ↪→ Spin(4) associated to the
opposite complex structure. This embedding is surjective onto SU(2)+ instead of SU(2)−. When we decompose
the classical BV fields into irreducible summands under this U(2) action we obtain the same component fields as
in Proposition 3.5, where the roles of S+ and S− are reversed.
Let α′hol be the embedding U(1) → GR where now f1 has weight 1, f2 has weight −1 and e1, e2 have weight 0.
The following proof proceeds identically to the proof of Lemma 3.6 and Theorem 3.7 above.
Lemma 3.10. The twist of 4d N = 4 self-dual Yang–Mills theory by the twisting datum (Q′hol, α′hol) has the
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following classical BV complex, considered as a U(2)-module:
Ω0(C2; g) // Ω0,1(C2; g)⊕ Ω1,0(C2; g)
++
// Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
**
Ω1,1‖ (C2; g)⊕ Ω2,0(C2; g) // Ω2,1(C2; g)
Π(Ω1,0(C2; g)⊕ Ω0,1(C2; g))
((
// ΠΩ1,1(C2; g)
''
Ω0(C2; g)⊕ Ω0,2(C2; g)
(∗)
&&
// Ω1,2(C2; g)
((
ΠΩ1,0(C2; g) // ΠΩ2,1(C2; g)
Ω0(C2; g)⊕ Ω1,1‖ (C2; g)
((
// Ω2,2(C2; g)⊕ Ω1,1‖ (C2; g)
(∗)
''
ΠΩ0,1(C2; g) //
''
ΠΩ1,2(C2; g)
((
Ω1,0(C2; g) // Ω2,2(C2; g)⊕ Ω2,0(C2; g)
ΠΩ1,1(C2; g) // Π(Ω1,2(C2; g)⊕ Ω2,1(C2; g))
Ω0,1(C2; g)
**
// Ω1,1‖ (C2; g)⊕ Ω0,2(C2; g)
++
Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g) // Ω1,2(C2; g)⊕ Ω2,1(C2; g) // Ω2,2(C2; g).
Here we have written in blue the differential d1 on the E1 page of the spectral sequence. This differential
acts by the first order differential operator (−1)k+`∂ : Π`Ωp,q[k + 1] → Π`Ωp,q+1[k]. The green arrows, coming
from the differential d2 in the spectral sequence, are given by the signed identity map between matching terms
(−1)k+` : Π`Ωp,q[k + 1] → Π`Ωp,q[k], with the exceptions of the differentials indicated by (∗), which instead are
given by the Lefschetz operator (−1)kL : Ωp,p[k + 1]→ Ωp+1,p+1[k].
Theorem 3.11. The twist by (Q′hol, α′hol) has a deformation retraction to the classical BV theory (Ω•,•(C2; g[1]⊕
g), ∂), with symplectic pairing given by the invariant pairing of the two copies of g .
3.3 Further Twists
Let us now discuss non-holomorphic twists of 4d N = 4 super Yang–Mills theory. Such twists can be real-
ized as further twists of holomorphic twists. That is, given a square-zero odd element Q 6= 0 in the N = 4
supertranslation algebra, we can decompose
Q = Qhol +Q′,
where Qhol is a holomorphic supercharge, and [Qhol, Q′] = 0. Recall that the twist of a supersymmetric theory by
a supertranslation Q is defined by adding the term Sg(Q) to the action functional. In this setting, the twist by
Q is obtained from the twist by Qhol by adding a further twisting term to the action functional: when S(>2)g = 0,
i.e. when there is only a second-order L∞ correction to the on-shell supertranslation action, this further twisting
term is just
Sg(Q′) + 2S(2)g (Qhol, Q′),
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where S(2)g denotes the second order term in the supertranslation action. We will treat the non-holomorphic
twists one class at a time, whose classification was described in Section 2.4.
3.3.1 Rank (2, 0) and (0, 2) Twists
Let us begin by computing the further twist from a rank (1, 0) supercharge to the twist by a rank (2, 0) super-
charge. This is a topological twist. We will also describe the (equivalent) further twist from a rank (0, 1) twist
to rank (0, 2).
Let Qhol = α1 ⊗ e2, and let Q′ = α2 ⊗ e1. These supertranslations commute, and their sum Q = Qhol +Q′ is a
square-zero topological supercharge of rank (2, 0).
Consider the homomorphism α : U(1) → GR = SL(4;C) under which e1 and e2 have weight 1, and f1 and f2
have weight −1. Together, (Q,α) comprise a twisting datum.
We will show that the twist of N = 4 super Yang–Mills theory by the datum (Q,α) is perturbatively trivial,
meaning that the twisted classical BV complex is contractible. We can, however, understand it as a contractible
deformation of the holomorphically twisted theory. In order to do so, we introduce the following terminology.
Definition 3.12. The Hodge family associated to the local L∞ algebra L onM is the C[t]-linear local L∞ algebra
LHod = L[1] ⊕ L, with differential given by the internal differential on L, plus t times the identity morphism
L[1]→ L. If L is equipped with a degree 0 symmetric non-degenerate pairing 〈−,−〉 then LHod is equipped with
a degree −1 C[t]⊗DensM -valued symplectic pairing.
Remark 3.13. The notation we have used for such families of classical BV theories reflects the notion in algebraic
geometry of the Hodge stack of a prestack X, due to Simpson [Sim96]. One can define a deformation of the 1-
shifted tangent bundle T [1]X of X to the de Rham stack XdR, which is a derived stack with contractible tangent
complex. In our earlier work [EY18], we identified a 1-parameter family of further twists of the holomorphic
twist of 4d N = 4 super Yang–Mills theory on X with the Hodge stack of HiggsG(X). In this section we will
verify that this family matches up with the rank (2, 0) twist.
We will use the following tool in order to understand the deformation of the holomorphic twist by the supercharge
Q′.
Lemma 3.14 (Homological Perturbation Lemma). Let
(L0,d0)
i // (L,d)
p
oo h
hh
be a deformation retraction. Choose a deformation of the differential on L to d + d′. Suppose that (1 − d′ ◦ h)
is invertible. Then the operator d0 + d′0 where d′0 = p ◦ (1− d′ ◦ h)−1 ◦ d′ ◦ i is a deformation of the differential
on L0, and (L0,d0 + d′0) is a deformation retract of (L,d + d′).
Theorem 3.15. The twist of self-dual N = 4 super Yang–Mills theory by the C[b1]-family of square-zero
supercharges Qb1 = Qhol + b1Q′, generically of rank (2, 0), is equivalent to the Hodge family (Ω•,•(C2; g), ∂)Hod
where the Hodge deformations is parameterized by b1.
Proof. We begin by computing the action of the further twisting supercharge Q′ on the untwisted classical BV
complex, and then descending this action to the Qhol-twisted classical BV complex. We can compute the action
of tQ′ in a similar fashion to the way we computed the action of Qhol in Lemma 3.6. The only difference is that
Q′ acts with αhol weight −1, where Qhol acted with αhol-weight +1. We find that Q′ acts as the operator with
the following form:
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Ω0(C2; g) // Ω0,1(C2; g)⊕ Ω1,0(C2; g) // Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
Ω1,0(C2; g)
44
// Ω2,2(C2; g)⊕ Ω2,0(C2; g)
33
Ω0,1(C2; g)
99
// Ω2,2(C2; g)⊕ Ω0,2(C2; g)
77
Ω0(C2; g)
;;
77
33
// Ω1,1‖ (C2; g)
99
44
ΠΩ1,1(C2; g) // Π(Ω1,2(C2; g)⊕ Ω2,1(C2; g))
ΠΩ1,0(C2; g)
44
// ΠΩ2,1(C2; g)
33
ΠΩ0,1(C2; g)
99
// ΠΩ1,2(C2; g)
77
Π(Ω1,0(C2; g)⊕ Ω0,1(C2; g))
77
33
// ΠΩ1,1(C2; g)
>>
99
44
Ω1,1‖ (C2; g) // Ω2,2(C2; g)
Ω0(C2; g)⊕ Ω2,0(C2; g)
44
// Ω2,1(C2; g)
33
Ω0(C2; g)⊕ Ω0,2(C2; g)
99
// Ω1,2(C2; g)
77
Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
77
33
// Ω1,2(C2; g)⊕ Ω2,1(C2; g)
99
44
// Ω2,2(C2; g).
;;
As before, the blue arrows are given by signed identity maps, and the green arrows by first order holomorphic
differential operators. Note that we have written the cochain complex using the twisting datum α, not αhol here,
so that the action of Q′ has cohomological degree +1. We have also included with dashed arrows the action of
Qhol as computed in Lemma 3.6.
Note that the total differential on this complex, including both the contributions from Qhol and from Q′, does not
commute. This is because we have not yet included the quadratic L∞ correction to the supertranslation action.
We will show that this correction induces the identity map indicated in purple in the diagram. We must compute
the L∞ correction 2S(2)gauge(Qhol, Q′) as in [ESW20, eq. (34)]. The L∞ correction includes terms proportional
to Ac∗ where A is the 4d gauge field and c∗ is the antifield to the ghost, which will induce differentials in the
classical BV complex from the bosonic fields to the ghost, and dually from the antighost to the antifields to the
bosons. It also includes terms proportional to λ∗λ∗, where λ∗ is the antifield to a 4d fermion, which will include
differentials in the classical BV complex from the antifields to the fermions to the fermions. We will not need to
use the form of the L∞ correction beyond this; we will now be able to fix it uniquely using the fact that it must
have degree one, it must be U(2)-equivariant, and it must square to zero.
First, let us consider the term from the bosonic fields to the ghost. In our diagram this must land in Ω0(C2; g) on
the top row, and it must originate from the terms corresponding to the scalar fields in the untwisted N = 4 theory.
By equivariants, it must therefore be given by a constant multiple of the degree 1 identity map Ω0(C2; g)[2] →
Ω0(C2; g)[1]. The constant is fixed by the requirement that the differential squares to zero.
Likewise, when we consider the term from the antifields to the spinors fields to the spinor fields, the only possible
such degree 1 equivariant map is a constant multiple of the degree 1 identity map ΠΩ1,1(C2; g)[1]→ ΠΩ1,1(C2; g).
Again, the constant is fixed by the requirement that the differential squares to zero.
Once we include this L∞ correction term in our differential, we can use the calculation from Theorem 3.7 and the
homological perturbation lemma. We write d′ for the new differential coming from the further twist, and note
that d′h is equal to the identity map between the two copies of Ω2,2(C2; g), from the third row to the second.
This implies that p◦ (1−d′h)−1 = p. Therefore, we can compute our twisted theory by computing the composite
p ◦ d′ ◦ i. The result is that the Q-twisted theory is obtained by restricting our differential to the red terms in
22 Section 3 Twisting N = 4 Theory
the following diagram.
Ω0(C2; g) // Ω0,1(C2; g)⊕Ω1,0(C2; g) // Ω0,2(C2; g)⊕Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
Ω1,0(C2; g)
44
// Ω2,2(C2; g)⊕ Ω2,0(C2; g)
33
Ω0,1(C2; g)
99
// Ω2,2(C2; g)⊕Ω0,2(C2; g)
77
Ω0(C2; g)
<<
77
33
// Ω1,1‖ (C2; g)
99
44
ΠΩ1,1(C2; g) // Π(Ω1,2(C2; g)⊕Ω2,1(C2; g))
ΠΩ1,0(C2; g)
44
// ΠΩ2,1(C2; g)
33
ΠΩ0,1(C2; g)
99
// ΠΩ1,2(C2; g)
77
Π(Ω1,0(C2; g)⊕Ω0,1(C2; g))
77
33
// ΠΩ1,1(C2; g)
>>
99
44
Ω1,1‖ (C2; g) // Ω2,2(C2; g)
Ω0(C2; g)⊕Ω2,0(C2; g)
44
// Ω2,1(C2; g)
33
Ω0(C2; g)⊕ Ω0,2(C2; g)
99
// Ω1,2(C2; g)
77
Ω0,2(C2; g)⊕Ω2,0(C2; g)⊕Ω1,1‖ (C2; g)
77
33
// Ω1,2(C2; g)⊕Ω2,1(C2; g)
99
44
// Ω2,2(C2; g).
;;
In this diagram, the supertranslation tQ′ acts by the purple arrow, which is given by the t-scaled signed identity
map t(−1)k+` : Π`Ωp,q[k + 1]→ Π`Ωp,q[k].
If we instead start with the rank (0, 1) holomorphic supercharge Q′hol = α∨1 ⊗f∗2 , and compute the further twist to
a rank (0, 2) square-zero supercharge, we obtain a theory that can be described similarly. By the same calculation
as above, we identify the rank (0, 2) twist with the Hodge family:
Theorem 3.16. The twist of self-dual N = 4 super Yang–Mills theory by the C[t]-family of square-zero super-
charges Qa = Q′hol + b2Q′′, generically of rank (0, 2), is equivalent to the Hodge family (Ω•,•(C2; g), ∂)Hod where
the Hodge deformations is parameterized by b2.
3.3.2 Rank (1, 1) Twists
Now, let us study the twist of N = 4 super Yang–Mills theory by a square-zero supercharge of rank (1, 1), say
by the element
Q = Qhol +Q′hol = α1 ⊗ e2 + α∨1 ⊗ f∗2 .
We will realize this as a further twist of both the rank (1, 0) twist, and of the rank (0, 1) twist. That is,
we will construct further twists of each of these holomorphically twisted theories and then construct an explicit
equivalence between the two descriptions. In this section, and from now on, let us use the twisting homomorphism
α where e1, e2 have weight 1, and f1, f2 have weight −1.
We will begin by describing the rank (1, 1) twist as a further twist of the rank (1, 0) Qhol-twisted N = 4 theory.
Hence we will describe the 1-parameter family
Qa = Qhol + aQ′hol,
for a ∈ C.
23 Section 3 Twisting N = 4 Theory
Theorem 3.17. The family of twists by the supercharges Qa admits a deformation retraction on to the C[a]-
family of theories with classical BV complex (Ω•,•(C2; g[1]⊕ g), ∂ + a∂z1).
Proof. The supercharge Q′hol is not stabilized by the group U(2)− that fixes Qhol, so we won’t be able to write the
(Qa, α)-twisted complex purely in terms of U(2)− representations. In order to write the (Qa, α)-twisted complex,
we will first need to decompose some of the U(2)−-irreducible terms further into terms which are homogeneous
for the α-shifted grading, and then compute the deformation of the differential corresponding to the action of
aQ′hol. Because this operator is not U(2)−-equivariant, this deformation will not be given by an anti-holomorphic
differential operator. The complex we obtain takes the following form.
Ω0(C2; g) // Ω0,1(C2; g)⊕ Ω1,0(C2; g) //
''
Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
&&
Ω1,0(C2; g)
33
//
''
Ω2,2(C2; g)⊕ Ω2,0(C2; g)
33
ΠΩ0,1(C2; g) ∧ dz1 // Π(Ω1,1(C2; g)⊕ Ω0,2(C2; g)) ∧ dz1
##
ΠΩ0,1(C2; g) ∧ dz2 // Π(Ω1,1(C2; g)⊕ Ω0,2(C2; g)) ∧ dz2
ΠΩ0(C2; g) ∧ dz1
55
//

ΠΩ1,1(C2; g) ∧ dz1
33
""
ΠΩ0(C2; g) ∧ dz2
33
// ΠΩ1,1(C2; g) ∧ dz2
33
Ω0,1(C2; g) //
""
Ω2,2(C2; g)⊕ Ω0,2(C2; g)

Ω0(C2; g)⊕ Ω1,1‖ (C2; g)
33
//
##
Ω2,2(C2; g)⊕ Ω1,1‖ (C2; g)
33
Ω0(C2; g)⊕ Ω2,0(C2; g)
33
// Ω2,1(C2; g)
33
ΠΩ0(C2; g) ∧ dz1 // ΠΩ1,1(C2; g) ∧ dz1
&&
ΠΩ0(C2; g) ∧ dz2 // ΠΩ1,1(C2; g) ∧ dz2
Π(Ω0(C2; g) ∧ dz1 ⊕ Ω0(C2; g)) ∧ dz1
33
//
''
ΠΩ1,0(C2; g) ∧ dz1
33
''
Π(Ω0(C2; g) ∧ dz2 ⊕ Ω0(C2; g)) ∧ dz2
33
// ΠΩ1,0(C2; g) ∧ dz2
55
Ω0(C2; g)⊕ Ω0,2(C2; g) // Ω1,2(C2; g)
Ω0,2(C2; g)⊕ Ω2,0(C2; g)⊕ Ω1,1‖ (C2; g)
33
// Ω1,2(C2; g)⊕ Ω2,1(C2; g)
33
// Ω2,2(C2; g)
Here, as in Lemma 3.10 the blue arrows are given by first order holomorphic differential operators ±∂z1 , and
the green arrows, coming from d2 in the spectral sequence, by signed identity maps. We can now see that
this complex is quasi-isomorphic to (Ω•,•(C2; g), ∂ + a∂z1) using the deformation retraction from Theorem 3.7.
Specifically, let da be the further differential obtained from the action of aQ′hol. Note that dahda = 0, which
means that (1− dah)−1 = (1 + dah), and the deformation of the differential is given by the composite operator
p ◦ da ◦ i. We compute this operator as a deformation of the differential on the complex (Ω•,•(C2; g), ∂): it is
given precisely by a∂z1 .
Now, let’s take the two twists in the reverse order. That is, consider the rank (1, 1) twist as a further twist of
the rank (0, 1), Q′hol-twisted theory. This calculation will on its surface look somewhat different, because we will
write our fields as irreducible representations for the action of U(2) fixing Q′hol, rather than the action fixing
Qhol. So, specifically, we will describe the 1-parameter family
Q′a = Q′hol + aQhol,
for a ∈ C. The following theorem is proven identically to Theorem 3.17.
Theorem 3.18. The family of twists by the supercharges Q′a can be identified with the C[a]-family of theories
with classical BV complex (Ω•,•(C2; g[1]⊕ g), ∂ + a∂z1).
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Finally, we can consider the alternative 1-parameter family generated using the other natural choice rank (0, 1)
supercharge, namely Q′′ = α∨2 ⊗ f∗1 . We form the 1-parameter family
Qb2 = Qhol + b2Q′′,
for b2 ∈ C. The following theorem is also proven identically to Theorem 3.17.
Theorem 3.19. The family of twists by the supercharges Qb2 can be identified with the C[b2]-family of theories
with classical BV complex (Ω•,•(C2; g[1]⊕ g), ∂ − b2∂z2).
Remark 3.20. We will conclude this section by noting the fact that the supercharges Q1 and Q′1 coincide, so
it’s worth briefly discussing how the two descriptions for the twist by this supercharge – via Theorem 3.17 and
Theorem 3.18 – can be identified by the action of complex conjugation. In fact, the point at a = 1 in the family
of twists by supercharges Qa and the point at a = 1 in the family of twists by supercharges Q′a can be identified
using the real L∞ algebra isomorphism
C : (Ω•,•(C2; g), ∂ + ∂z1)→ (Ω•,•(C2; g), ∂ + ∂z1)
given by complex conjugation.
3.3.3 Rank (2, 1), (1, 2) and (2, 2) Twists
In this final section we will identify further twists of the rank (1, 1) twist, using the two isomorphic descriptions
described above. We will describe the twist by a rank (2, 1) supercharge using the description given in Theorem
3.17, we will describe the twist by a rank (1, 2) supercharge using the description given in Theorem 3.18, and
then we will study the family of maximal deformations by rank (2, 2) supercharges.
First, consider a family consisting generically of rank (2, 1) supercharges. That is, let Qa be the 1-parameter
family Qa = Qhol + aQ′hol from the previous subsection, let Q′ = α2 ⊗ e1 as in Section 3.3.1 and consider the
C[a, b1]-family of supercharges
Qa,b1 = Qhol + aQ′hol + b1Q′.
When we set b1 = 0 we obtain the family considered in Section 3.3.1, and when we set a = 0 we obtain the family
considered in Section 3.3.2. We again use the twisting datum α where e1, e2 have weight 1 and f1, f2 have weight
−1.
Theorem 3.21. The twist of self-dual N = 4 super Yang–Mills theory by the family Qa,b1 of supercharges is
equivalent to the Hodge family (Ω•,•(C2; g), ∂ + a∂z1)Hod, where the Hodge deformation is parameterized by the
coordinate b1.
Proof. This is a combination of the calculations from Theorem 3.15 and Theorem 3.17. Write d1 and d2 for the
deformations of the holomorphically twisted BV complex coming from the actions of Q′ and Q′hol respectively.
When we apply the homological perturbation lemma, we can see immediately that ((d1 +d2)◦h)2 = 0 (the maps
d1 ◦ h and d2 ◦ h square to zero and commute), and thus by our two previous calculations, the Qa,b1 twisted BV
complex is equivalent to the desired complex provided that
p ◦ d1 ◦ h ◦ d2 ◦ i = p ◦ d2 ◦ h ◦ d1 ◦ i = 0.
To see this, first recall that in the proof of Theorem 3.15 we saw that the map p◦d1◦h equals zero. Very similarly
we can see that the map h ◦ d1 ◦ i is also zero.
Thus, by the homological perturbation lemma, the differential in the classical BV complex of the Qa,b1 -twisted
theory is
∂ + p ◦ (b1d′ + ad′hol) ◦ i = ∂ + b1∂ε + a∂z1 ,
where ∂ε is the identity map between the two copies of (Ω•,•(C2; g[1]⊕ g) occurring in the Hodge family.
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We can do an analogous calculation using the same argument to compute the twist by the similar C[b1, b2]-family
of supercharges generically of rank (2, 1):
Qb1,b2 = Qhol + b1Q′ + b2Q′′.
Theorem 3.22. The twist of self-dual N = 4 super Yang–Mills theory by the family Qb1,b2 of supercharges is
equivalent to the Hodge family (Ω•,•(C2; g), ∂− b2∂z2)Hod, where the Hodge deformation is parameterized by the
coordinate b1.
Alternatively, we can mirror this argument to compute the twist by a rank (1, 2) supercharge. Let Q′a be the
1-parameter family Q′a = Q′hol + aQhol, and let Q′′ = α∨2 ⊗ f∗1 . Consider the C[a, b2]-family of supercharges
Q′a,b2 = Q
′
hol + aQhol + b2Q′′.
Theorem 3.23. The twist of self-dual N = 4 super Yang–Mills theory by the family Q′a,b2 of supercharges is
equivalent to the Hodge family (Ω•,•(C2; g), ∂ + a∂z1)Hod, where the Hodge deformation is parameterized by the
coordinate b2.
Finally, let’s study the result when we twist by the most generic class of supercharge, those of rank (2, 2). We
can analyze these twists by combining our calculations of the rank (2, 1) and (1, 2) twists above. We’ll start with
the supercharge Qa,0, which we can equivalently describe – for a 6= 0 – as a rescaled element aQ′0,a−1 of our rank
(1, 2) deformation family. We’ll deform this supercharge to the following C[a, b1, b2]-family of supercharges:
Qa,b1,b2 = Qhol + aQ′hol+b1Q′+b2Q′′ .
Before we compute the twist, let us outline our strategy. Note that the abelian super Lie algebra C0|3 generated
by the supercharges Q′hol, Q′, and Q′′ is the odd part of the cohomology of the supertranslation algebra TN=4
with respect to the odd square-zero operator [Qhol,−]. The supertranslation action on self-dual N = 4 super
Yang–Mills theory induces an action of this algebra on the Qhol-twisted theory. This twisted theory was identified
in Theorem 3.7 as having classical BV complex
(Ω•,•(C2; g[ε]), ∂) ∼= (Ω0,•(C2; g[ε1, ε2, ε]), ∂),
where the isomorphism sends dzi to εi by Kapustin–Witten twisting homomorphism. This has a natural action of
C0|3, by acting on the three odd generators ε1, ε2, ε. These two actions are related by a non-linear endomorphism
of the Lie algebra C0|3:
C0|3 F //
αSUSY
%%
C0|3
αcan
yy
Der(T Qhol).
Concretely, the map αSUSY comes from the supertranslation action on the untwisted theory, and is a quadratic
L∞ map, whereas the map αcan is a linear embedding with image spanned by ∂ε1 = ∂z1 , ∂ε2 = ∂z2 and ∂ε. The
map F can be defined by choosing a projection onto C0|3 for which αcan is a section (although, as we will see
shortly, F will be independent of this choice). To determine the twist by a generic element of the supertranslation
algebra it’s enough to compute this L∞ endomorphism.
Theorem 3.24. The twist of self-dual N = 4 super Yang–Mills theory by the family Qa,b1,b2 of supercharges is
equivalent to the Hodge family (Ω•,•(C2; g), ∂+a∂z1 − b2∂z2)Hod, where the Hodge deformation is parameterized
by b1 + ab2.
In particular we obtain a “B-type” twist – meaning here that the Hodge deformation is trivial – along the locus
where b1 = −ab2.
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Proof. We can completely determine the L∞ endomorphism of C0|3 relating the desired supertranslation action
to the natural action by observing that it is at most quadratic, along with the description of the endomorphism
after restricting to the three possibly two-dimensional subalgebras from our calculations of less generic twists.
First, the endomorphism is quadratic, because the supertranslation action on N = 4 super Yang–Mills theory
only included quadratic corrections. That is, in the commutative triangle of L∞-morphisms, the map αSUSY –
the action coming from supertranslations – is quadratic, and the map αcan – the canonical action coming from
the vector fields ∂z1 , ∂z2 and ∂ε – is linear, and therefore F must also be quadratic.
Now, choose coordinates (a, b1, b2) on the domain C0|3 corresponding to the generators Q′hol, Q′, and Q′′ of
the Qhol-cohomology of the supertranslation algebra and coordinates on the codomain C0|3 corresponding to
the basis ∂z1 , ∂z2 , ∂ε. According to Theorem 3.21, on the locus b2 = 0 our endomorphism is given by the map
(a, b1, 0) 7→ (a, 0, b1). That is, b1Q′ + aQ′hol maps to the vector field a∂z1 + b1∂ε. Similarly, by Theorem 3.22, on
the locus u = 0 it is given by the map (0, b1, b2) 7→ (0,−b2, b1).
On the locus b1 = 0 our endomorphism is given by a∂z1 − b2∂z2 – as we can see by considering the limit as a or
b2 → 0 – plus a quadratic correction term proportional to ab2, say ab2(α∂z1 + β∂z2 + γ∂ε). We can fix (α, β, γ)
using Theorem 3.23. Indeed, suppose a = b2 = 1. The correction term is obtained from the equivalence
(Ω•,•(C2; g)[ε], ∂ + ∂z1)
p′i
// (Ω•,•(C2; g)[ε], ∂ + ∂z1),
pi′
oo
where (p, i) and (p′, i′) are the deformation retracts defining the rank (1, 1) twist as a deformation of a rank
(1, 0) and (0, 1) twist respectively, from Section 3.3.2. The maps p′i and pi′ actually define inverse cochain
isomorphisms, since at the level of the rank (1, 1) twist the composite p′ ◦ d ◦ h ◦ i′ = 0, and similarly where we
swap the primed and unprimed maps. The deformation of the complex (Ω•,•(C2; g)[ε], ∂+ ∂z1) to the rank (1, 2)
twist is therefore given by the composite map pi′ ◦∂ε ◦ p′i. We can compute this operator by evaluating it on the
ghost Ω0(C2; g) in degree 0, where we find it acts by ∂ε − ∂z2 , and therefore (α, β, γ) = (0, 0, 1).
Putting these three calculations together, for general elements, the quadratic map must send (a, b1, b2) to
(a,−b2, b1 + ab2) as required.
The discussion on twists is summarized in the diagram of Figure 1.
3.4 Comparison with the Work of Kapustin–Witten
In this section we will discuss the set-up considered by Kapustin and Witten in [KW07], and explain how the
twists that they consider are realized in the analysis of the present paper. Along the way we’ll discuss the
occurrence of the (complexified) coupling constant and Kapustin–Witten’s canonical parameter Ψ, and talk
about how S-duality acts on the families of twisted theories. This will lead us into the final part of the paper,
discussing geometric quantization and quantum geometric Langlands.
For most of their paper, Kapustin and Witten consider the one parameter family of supercharges that are
compatible with what we’ve referred to in Section 2.4 as the Kapustin–Witten twisting homomorphism φKW.
They denote this family by
uεL + vεR = u(α1 ⊗ e2 − α2 ⊗ e1) + v(α∨1 ⊗ f∗2 − α∨2 ⊗ f∗1 ).
There is an action of C× by R-symmetries that simultaneously rescales u and v, and hence one can consider the
CP1-family of twists with projective coordinate t = v/u.
Kapustin and Witten consider the full four parameter family of supercharges that we have been discussing in
[KW07, Section 5.1]. In terms of our family of supercharges from Proposition 2.16, they use the notation
εˆ = u′(α1 ⊗ e2) + u′′(α2 ⊗ e1) + v′(α∨1 ⊗ f∗2 ) + v′′(α∨2 ⊗ f∗1 ).
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(1,0)
Qhol
(Thm 3.7)
∂
||

%%
(0,1)
Q′hol
(Thm 3.11)
∂
 ""
(1,1) Qb2
Qhol + b2Q′′
(Thm 3.19)
∂ − b2∂z2
!!
(2,0) Qb1
Qhol + b1Q′
(Thm 3.15)
∂
b1-dR
 $$
(1,1) Qa
Qhol + aQ′hol
(Thm 3.17)
∂ + a∂z1

Rmk 3.20
if a = 1 )) (1,1) Q′a
Q′hol + aQhol
(Thm 3.18)
∂ + a∂z1

uu (0,2) Q′b2
Q′hol + b2Q′′
(Thm 3.16)
∂
b2-dR
}}
(2,1) Qb1,b2
Qhol + b1Q′ + b2Q′′
(Thm 3.22)
∂ − b2∂z2
b1-dR
$$
(2,1) Qa,b1
Qhol + aQ′hol + b1Q′
(Thm 3.21)
∂ + a∂z1
b1-dR

(1,2) Q′a,b2
Q′hol + aQhol + b2Q′′
(Thm 3.23)
∂ + a∂z1
b2-dR
zz
(2,2) Qa,b1,b2
Qhol + aQ′hol + b1Q′ + b2Q′′
(Thm 3.24)
∂ + a∂z1 − b2∂z2
(b1 + ab2)-dR
Figure 1: A schematic illustrating the relationship between the twists we have discussed in this paper. For
each twist we give the rank of the relevant supercharge, the notation we have used to indicate the supercharge,
the result in which the a model for the twist is given, then the differential on Ω∗,∗(C2; g[ε]) occuring in this
description. The operator λ∂ε is indicated by λ-dR. Deformations, or “further” twists are indicated with dotted
lines.
Again, the four-dimensional family of twists is invariant under the C× × C× R-symmetry whose factors simul-
taneously rescale u′, v′ and u′′, v′′ respectively, so we can instead consider the CP1 ×CP1-family with projective
coordinates that Kapustin and Witten denote (w+, w−) = (−v′/u′, u′′/v′′). Note that all points in this family
correspond, in our notation to supercharges of total rank at least two.
Within this family, two special loci can be extracted. Recall that Kapustin and Witten argue that twists of N = 4
on a product C × Σ of two Riemann surfaces can be identified as twists of N = (2, 2) supersymmetric sigma
models from Σ into the Hitchin system on C, with an appropriately chosen holomorphic symplectic structure in
its twistor family. In our CP1 × CP1 family, the diagonal locus, w+ = w−, is argued to consist of B-models into
the Hitchin system. Note that this coincides with our condition from Theorem 3.24 that the Hodge deformation
vanishes when s1 = −ts2. The anti-diagonal locus w+ = −w− is argued to consist of A-models into the Hitchin
system. It’s also worth taking note of the special locus where w+ · w− = −1: this is the locus of twists that are
Spin(4)-invariant, and therefore can be defined on more general 4-manifolds.
Let us recall the action of S-duality on the space of supertranslations. The action of S-duality depends on the
value of the complexified coupling constant τ . The ordinary coupling constant is a real number usually denoted
1
e2 , which rescales the action functional. In the BV formalism, this can be viewed as a real rescaling of the BV
symplectic form. The complexified coupling constant for super Yang–Mills theory is obtained by also including
a topological term into the action functional of the form
Sθ = − θ8pi2
∫
〈FA ∧ FA〉.
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The complexified coupling constant is then defined to be the complex linear combination
τ = 4pi
(
θ
8pi2 + i
1
e2
)
.
It depends only on the projective coordinates (w+, w−), and is given concretely by (w+, w−) 7→ (− τ|τ |w+, |τ |τ w−).
In particular, if the θ-angle vanishes, so that τ is purely imaginary, the S-duality transformation is given by
(w+, w−) 7→ (−iw+, iw−). Note that this is not yet an involution, but instead it has order 4. We recover an
involution when we quotient by the discrete Z/2Z-symmetry acting antipodally on the two copies of CP1.
We can summarize the relationship between our notation and that of Kapustin and Witten; In Table 1 we list
the various twisting supercharges that we have analyzed so far, with the classical BV descriptions, Kapustin and
Witten’s notations, as well as their S-dual theory.
Rank (w+, w−) BV Differential KW Name Dual
(1, 0) N/A ∂ None Self-dual
(0, 1) N/A ∂ None Self-dual
(2, 0) (0,∞) ∂ + ∂ε IA Self-dual
(0, 2) (∞, 0) ∂ + ∂ε (−I)A Self-dual
(1, 1) (0, 0) ∂ + ∂z1 IB Self-dual
(1, 1) (∞,∞) ∂ + ∂z1 (−I)B Self-dual
(2, 1) (t,∞) ∂ + t∂z1 + ∂ε None Self-dual
(1, 2) (∞, t) ∂ + t∂z1 + ∂ε None Self-dual
(2, 2) (−i, i) ∂ + i∂z1 − i∂z2 − 2∂ε JA (−K)B
(2, 2) (1,−1) ∂ − ∂ − 2∂ε KA JB
(2, 2) (−i,−i) ∂ + i∂ JB (−K)A
(2, 2) (−1,−1) ∂ + ∂z1 − ∂z2 KB JA
Table 1: Comparison between our twists and those discussed by Kapustin and Witten. Here the BV differential
refers to a differential on the graded vector space Ω•,•(C2; g[ε]). Rows highlighted in gray indicate those twists
that are Spin(4)-invariant.
We will conclude this section with a few words on the incorporation of the complexified coupling constant.
Kapustin and Witten consider a CP1 family of 4-dimensional topologically twisted theories parameterized not
by t but by the so-called canonical parameter
Ψ = τ + τ2 +
τ − τ
2
(
t− t−1
t+ t−1
)
.
When the θ-angle vanishes, i.e. when τ is purely imaginary, this can be written more simply as
Ψ = τ t
2 − 1
t2 + 1 .
In the next section we will discuss geometric quantization of the classical BV theories that we have described
above. This depends not only on the classical moduli space, but also on some additional data, including a
choice of pre-quantization that will depend on the shifted symplectic form. We will argue for the interpretation
that the specification of this additional datum is related to the specification of the coupling constant of the
theory, and in doing so discuss the occurrence of the categories of twisted differential operators appearing in
the quantum geometric Langlands conjecture, where the twisting parameter will be equivalent to Kapustin and
Witten’s canonical parameter.
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4 Application to Quantum Geometric Langlands
In this subsection, we discuss a method by which the statement of the quantum geometric Langlands correspon-
dence appears by quantizing the stacks of classical solutions in various twists of N = 4 super Yang–Mills theory.
We describe an ansatz for categorified geometric quantization by analogy with the ordinary geometric quantiza-
tion story. This paper will not, however, provide a systematic study of this categorified geometric quantization
procedure beyond a definition applicable for our examples.
4.1 Recollections on Geometric Quantization
Let us briefly recall the traditional story of geometric quantization for smooth symplectic manifolds. The input
data is a symplectic manifold (M,ω), called the phase space, and the output will be a Hilbert space H.
First, one needs to fix the following data:
• (prequantization) A prequantization of (M,ω) is a choice of a Hermitian line bundle LM equipped with a
Hermitian connection ∇ on M such that its curvature 2-form F (∇) coincides with ω.
• (polarization) A polarization of (M,ω) is a Lagrangian foliation, meaning a foliation whose leaves are
Lagrangian submanifolds. In particular, one has an integrable distribution F ⊂ TM such that Fp ⊂ TpM
is a Lagrangian subspace for each p ∈M .
Then the desired Hilbert space H consists of those sections that are flat along the foliation, that is,
H = {s ∈ Γ(M,LM ) | ∇Xs = 0 for X ∈ Γ(M,F)}.
In practice, when we categorify this definition it will be by an analogy to the simplest situation: where one
has a Lagrangian foliation realized by a map pi : M → N where N is the space of leaves, such that each leaf is
contractible and the Hermitian line bundle LM is of the form pi∗LN . In this case, the Hilbert space can be realized
essentially as H ∼= Γ(N,LN ). Slightly more precisely, one has to introduce a metaplectic correction. This means
one considers a half-density line bundle Dens1/2N and forms the space L2(N,LN ⊗ Dens1/2N ) of square-integrable
sections. These subtleties are necessary in order to define the inner product on Hilbert space, but they don’t
play an important role in our ansatz.
Example 4.1. ConsiderM = T ∗N with the standard symplectic form ωM . The trivial complex line bundle with
the canonical 1-form is a prequantization datum. For a polarization, we consider the projection pi : T ∗N → N
and take F = ker(dpi : T (T ∗N)→ TN). The corresponding Hilbert space is then H ∼= Γ(N,N×C) =: C∞(N,C).
Example 4.2. Consider T ∗N . For a closed 2-form α on N , one can consider ω = ωM + pi∗α; we denote such a
symplectic manifold by T ∗αN and call it a twisted cotangent bundle. The map pi : M → N is still a Lagrangian
foliation. If the cohomology class [α] ∈ H2(N,R) lies in the lattice H2(N ;Z) then one can find a line bundle LN
over N with c1(LN ) = α so that the Hermitian line bundle is pi∗LN . The resulting Hilbert space isH ∼= Γ(N,LN ).
Remark 4.3. Note that for a holomorphic line bundle L over a complex manifold X, the corresponding co-
homology class (of the curvature for any choice of a Hermitian metric with corresponding Chern connection)
is given by c1(L) ∈ H1,1(X) ∼= H1(X,Ω1X). In other words, if [ω] ∈ H1,1(M), then one may want to look for
a holomorphic morphism pi : M → N together with a holomorphic line bundle LN over N . For instance, if
α ∈ H1(N,Ω1cl), one may use it to consider the twisted cotangent bundle T ∗αN whose geometric quantization is
given by the space Γ(N,LN ) of holomorphic sections of the line bundle LN . In this context, that of a complex
manifold, a half-density bundle is a square-root K1/2N of the canonical bundle KN .
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4.2 Gerbes and Twisted D-modules
We will define categorified geometric quantization for 1-shifted symplectic algebraic stacks by analogy with the
ordinary geometric quantization story. Instead of considering functions twisted by a prequantum line bundle, we
will consider sheaves twisted by a prequantum gerbe. In this section we will explain what this means in a brief
and informal way, and discuss how one obtains the category of twisted D-modules as an example of this idea.
For more details on this topic, we refer to the paper of Gaitsgory and Rozenblyum [GR11].
Definition 4.4. A Gm-gerbe on a scheme S is a category G on which Pic(S) acts simply transitively. If
we have a map of schemes f : S1 → S2 and a gerbe G2 on S2, we can construct a gerbe on S1 by setting
G1 := Pic(S1)×Pic(S2) G2. Then a Gm-gerbe on a prestack Y is then defined to be a family of Gm-gerbes GS,y on
S for every y : S → Y in a way compatible with pullbacks.
The trivial gerbe Gtriv on Y is defined to be (Gtriv)S,y = Pic(S).
Given a scheme S and a Gm-gerbe G on S, let us describe the category QCG(S) of G-twisted quasi-coherent
sheaves. The idea is that for g1, g2 ∈ G, there exists a unique associated line bundle Lg1,g2 ∈ Pic(S) and
that QCG(S) is locally equivalent to QC(S) by any choice of g ∈ G (in the same way a line bundle is locally
equivalent to the trivial bundle by any choice of a section). Using this, an object F ∈ QCG(S) is a collection
{(Fg1 ,Fg2 ,Lg1,g2)}g1,g2∈G , where Fgi ∈ QC(S) satisfies Fg2 = Lg1,g2 ⊗ Fg1 ; one should think of the following
diagram commutative:
QC(S)
' Lg1,g2⊗(−)

QCG(S)
'
g1
99
'
g2
%%
QC(S).
In particular, if G = Gtriv, then gi = Li ∈ Pic(S) and Lg1,g2 = L2 ⊗L−11 , so F ∈ QC(S) determines F ∈ QCG(S)
and hence QCGtriv(S) = QC(S). For a prestack Y, we define QCG(Y) = limy : S→YQCGS,y (S).
Gaitsgory and Rozenblyum demonstrated that the theory of twisted D-modules can be understood in terms of
twisted sheaves.
Definition 4.5. A twisting on Y is a Gm-gerbe G on YdR together with a choice of a trivialization α : p∗YG ∼= Gtriv
under pullback along the canonical map pY : Y → YdR. We can associate to a twisting G an element of H2dR(Y)
called the curvature 2-form [GR11, Section 6.5].
Given a twisting datum, we define the category of twisted D-modules on Y as QCG(YdR) together with a fixed
functor
QCG(YdR)
p∗Y
// QCG|Y (Y)
DG(Y) // QC(Y)
α
that describes the underlying quasi-coherent sheaf of the twisted D-module. We may abuse the notation to write
the category as D(G,α)(Y).
If S is a smooth classical scheme, then a twisting in this sense is equivalent to the notion of a twisted differential
operator [GR11, Section 6.5].
Remark 4.6. The reuse of the term “twisting” in this section is potentially misleading. There is a priori no
relationship between the theory of twisting for sheaves and D-modules and the theory of twisting for supersym-
metric field theory (although, of course, there will turn out to be a connection for the specific example of twisted
N = 4 super Yang–Mills theory, as we will see shortly).
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Example 4.7. Let S be a smooth classical scheme and L be a line bundle on S. Consider the sheaf DL of differ-
ential operators twisted by L. The category of DL-modules can be realized in terms of a corresponding twisting
on S. We consider the trivial gerbe G = Gtriv on SdR, but under the pullback to S its trivialization corresponds
to an automorphism of Gtriv given by tensoring by the line bundle L on S. In other words, D(Gtriv,L)(Y) = DL(Y)
is the category of twisted D-modules on L.
Example 4.8. We’ll be particularly interested in twisted D-modules on the stack BunG(C). There is a gener-
alization of this procedure developed by Beilinson and Bernstein [BB93] where we twist by a power Lκ of the
determinant line bundle L, where κ is a complex number. This power does not exist as a line bundle for generic
values of κ, but the twisting still exists (see [Fre07, pp 82–83] for a clear explanation of the construction).
4.3 Categorified Geometric Quantization
Now let us discuss geometric quantization in the algebraic and categorified setting. For us, the input data is a
1-shifted symplectic space (X , ω) and the output is a DG category. Note that as ω is an algebraic symplectic
form, it has a cohomology class [ω] ∈ F 2H3dR(X ) = H2,1(X ).
By analogy to the ordinary story of geometric quantization, we will fix two pieces of data:
• (prequantization) A prequantization of the 1-shifted symplectic space (X , ω) is a choice of a Gm-gerbe GX
with connection on X whose curvature 2-form coincides with ω.
• (polarization) A polarization of (X , ω) is a 1-shifted Lagrangian fibration pi : X → Y. More generally we
could consider a 1-shifted Lagrangian foliation, using the notion of a foliation in derived geometry recently
developed by Borisov, Sheshmani, and Yau [BSY19], Toën and Vezzosi [TV20] and Pantev, but we will not
need this level of generality for the examples in this paper.
Let us assume that the prequantum Gm-gerbe GX is realized as the pullback pi∗G for a Gm-gerbe G on Y. Given
this data, we define the categorified geometric quantization of (X , ω) as follows.
Definition 4.9. The categorified geometric quantization of (X , ω) associated to the polarization p and prequan-
tum gerbe GX = p∗G is the category QCG(Y) of quasi-coherent sheaves on Y twisted by the gerbe G.
Example 4.10. Consider X = T ∗[1]Y with the standard 1-shifted symplectic form. The trivial gerbe with
the canonical 1-form is a prequantization data. A polarization is given by pi : T ∗[1]Y → Y. The corresponding
category is QC(Y ).
Example 4.11. Suppose (X , ω) is a 0-shifted symplectic stack. The symplectic structure induces a 1-shifted
symplectic structure ω˜ on the Dolbeault stack XDol = Tf [1]X , by using the symplectic structure on X to define
an equivalence Tf [1]X ∼= T ∗f [1]X . This then extends to a C[t]-linear 1-shifted symplectic structure on the Hodge
stack XHod. A generic fiber gives XdR. Because its symplectic structure is tautologically trivial, its geometric
quantization process may seem contentless. That is, we should consider the trivial gerbe G on XdR as the trivial
prequantum data and any polarization XdR → YdR would lead to D(Y) as the trivial gerbe Gtriv on XdR is
realized as the pullback of the trivial gerbe GY,triv on YdR. Given that the notion of polarization is also rather
vacuous, this doesn’t seem well-defined.
However, in this setting we can proceed by considering the natural map Φ: X → XdR. Suppose we are given a
polarization coming from a map pi : X → Y (and hence a compatible polarization Π: XdR → YdR as well in a
trivial manner), making the commutative diagram
X Φ //
pi

XdR
Π

Y
φ
// YdR.
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If additionally if we have a prequantization L of the 0-shifted symplectic structure on X of the form L = pi∗L′,
then the category D(GY,triv,L′)(Y) = DL′(Y) is taken to be the categorified geometric quantization of (XdR, ω˜).
Note that here we think of L′ as giving the trivialization of φ∗GY,triv, which defines a twisting datum.
Remark 4.12 (Metaplectic correction). From now on we will modify our definition slightly for examples of this
form, coming from the quantization of a 1-shifted symplectic de Rham stack. Instead of using the line bundle L
prequantizing the 0-shifted symplectic structure on X , we will impose a metaplectic correction: we will choose a
square-root K1/2 of the canonical bundle on Y, and define a corrected geometric quantization to be the category
DL⊗K1/2(Y).
4.4 Geometric Quantization of Twists of 4d N = 4 Gauge Theory
Now, having introduced the general notion of categorified geometric quantization, let us apply it to the examples
at hand, namely to the Kapustin–Witten twists of N = 4 super Yang–Mills theory. That is, we will consider the
family of 1-shifted symplectic stacks over C[λ, µ] given by
Map(CdR × CHod, BG)Hod ∼= Map(CHod, BG)Hod,
where λ and µ parameterize the Hodge families inside and outside the mapping stack respectively. We can
understand the 1-shifted symplectic structures as discussed in Example 4.11, using the 0-shifted symplectic form
on the mapping stack Map(CHod, BG) defined by transgression (that is, the AKSZ symplectic structure studied
in [Pan+13]).
Remark 4.13. Note that by requiring an CdR-factor in the source, we are excluding rank (1, 0) and (0, 1) twists,
along with their deformations to rank (2, 0) and (0, 2) twists. The 1-shifted symplectic structure is more difficult
to describe without these de Rham directions. Such twists are self-dual, and do not appear in the geometric
Langlands correspondence as described in [KW07], although they are considered in Kapustin’s approach in
[Kap08].
Remark 4.14. Concretely, when we fix λ, the mapping stack Map(CHod, BG) becomes the stack FlatλG(C) of flat
λ-connections. That is, the Hitchin system on C with complex structure Jλ. The AKSZ symplectic structure we
are considering is complex algebraic. Kapustin and Witten denote this structure by Ωλ. We should distinguish
this from the Kähler structure which they denote by ωλ, which is a real (1, 1)-form.
Example 4.15. Let’s consider first the case where µ = 0, so we are quantizing the 1-shifted cotangent
space T ∗[1]FlatλG(C). We use the trivial prequantum gerbe, and the polarization given by the projection
pi : T ∗[1]FlatλG(C) → FlatλG(C). The resulting category is, therefore, QC(FlatλG(C)), as in Example 4.10. The
case µ = 0 occurs in our family of supersymmetric twists in the following cases:
• Rank (1, 1). The moduli space associated to the pair (λ, µ) = (0, 0) occurs when we consider the twist by
a rank (1, 1) supercharge. This is also known as the Kapustin twist [Kap06]. The category the Kapustin
twist of N = 4 super Yang–Mills theory assigns to R2 × C is QC(HiggsG(C)). This twist is self-dual,
and the associated equivalence of categories QC(HiggsG(C)) ∼= QC(HiggsG∨(C)) we obtain as the result
of geometric quantization is the so-called classical limit of the geometric Langlands correspondence or
Dolbeaulg geometric Langlands correspondence, as conjectured by Donagi and Pantev [DP10].
• Special Rank (2, 2). If λ 6= 0, the moduli space associated to the pair (λ, 0) occurs when we consider the
twist by special rank (2, 2) supercharges of B-type. Recall from Section 3.3.3 that we obtain a B-type twist,
i.e. µ = 0, when we consider a supercharge
Qhol + aQ′hol + b1Q′ + b2Q′′
with b1 + ab2 = 0. Assuming that a 6= 0, in these terms, the parameter λ = −b2. The category we obtain
by when we quantize is then QC(FlatλG(C)). We will discuss the S-dual to this twist shortly.
33 Section 4 Application to Quantum Geometric Langlands
We should note that this is not the category occurring in the geometric Langlands correspondence: instead of
quasi-coherent sheaves, in order to obtain a category which could plausibly be Langlands dual to an ordinary
category of D-modules we would need to consider ind-coherent sheaves with a nilpotent singular support condition
[AG15]. We studied the meaning of such singular support conditions in supersymmetric gauge theory in [EY19],
and a complete analysis of the connection between twisted supersymmetric gauge theory and the geometric
Langlands program would have to combine these approaches.
Now, suppose µ 6= 0 and for the moment let us set µ = 1. As discussed in Example 4.11, we consider the
commutative square
FlatλG(C)
Φ //
piλ

FlatλG(C)dR
Πλ

BunG(C)
φ
// BunG(C)dR.
The claim is that we find a prequantum twisting Lλ for the 0-shifted symplectic structure Ωλ on FlatλG(C) and
moreover we will see in Theorem 4.17 below that there is a twisting L′λ on BunG(C) so that Lλ ∼= pi∗λL′λ.
Assumption 4.16. There is a natural line bundle on BunG(C) called the determinant line bundle. This line
bundle has the property that the stack FlatG(C) can be identified as the twisted cotangent space to BunG(C)
by this line bundle, as in Remark 4.3 (see [BZF04, Proposition 4.1.4] and the references given there). When
we restrict to coarse moduli spaces, the equivalence between T ∗Ldet BunG(C) and FlatG(C) is, furthermore, a
symplectomorphism (this is essentially the prequantization of complex Chern–Simons theory originally considered
by Witten [Wit91]). This symplectic structure can be described very concretely. Recall that the tangent complex
to the stack FlatG(C) at a point (P,A) can be described as the shifted de Rham complex (Ω•(C; gP )[1],dA).
The pairing on the tangent complex coming from the symplectic structure Ω1 on FlatG(C) is inherited from the
wedge-and-integrate pairing on differential forms, and the invariant pairing on g: concretely it is given by 4
〈δ1A, δ2A〉Ω1 =
∫
C
〈δ1A ∧ δ2A〉.
In our argument below, we will make the assumption that this statement extends to the derived level. In other
words, we will assume that the equivalence between T ∗Ldet BunG(C) and FlatG(C) is an equivalence of 0-shifted
symplectic stacks. This is the subject of work in progress by Calaque and Safronov, who prove the Dolbeault
analogue of this statement: that the equivalence T ∗ BunG(C) ∼= Map(CDol, BG) is a symplectomorphism – the
desired statement here is a Hodge deformation of their result 5.
Now we have everything we need to quantize: we have a trivial gerbe G′λ on BunG(C)dR, and a trivialization of
the pullback φ∗G′λ given by a twisting L′λ on BunG(C). We can understand this quantization concretely using
the following result.
Theorem 4.17. The twisting L′λ on BunG(C) is isomorphic to a power Lκdet of the determinant line, where
κ = λ2/µ.
Before we prove this, let us discuss its consequences for geometric quantization. Let us apply this result to
the definition of the categorical geometric quantization as given in Example 4.11. Including the metaplectic
correction, when we quantize we will obtain the category of twisted D-modules Dλ2/µ+1/2(BunG(C)). We can
go even further, and consider an overall rescaling of the twisting by a real parameter −2τ – the real coupling
constant, thought of as an overall scale on the symplectic form 6. The result is the category of twisted D-modules
Dκ(BunG(C)) where κ = −2τ(λ2/µ+ 1/2).
Corollary 4.18. The category Dκ(BunG(C)) can be obtained by geometric quantization from the 1-shifted
symplectic stack FlatλG(C)dR with symplectic structure derived from the symplectic form ωλ in FlatλG(C).
4Note that this differs from the form ΩJ as defined by Kapustin and Witten by an imaginary rescaling.
5We are grateful to P. Safronov for discussing his work in progress with us.
6We will see why we’ve chosen to coordinatize the real line including this factor of −2 shortly.
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Remark 4.19. In particular, the parameter κ coincides with Kapustin and Witten’s canonical parameter Ψ, up
to normalization of the coupling constant τ . We saw in Section 3.4 that in their CP1-family of 4d topological
twists, the parameter we have called λ in this section corresponds to what we called a = −b2 in Section 3.3.3.
This can also be equivalently described in terms of the parameter Kapustin and Witten call −t. Likewise, the
parameter µ corresponds to what we called b1 + ab2. When we restrict to the CP1 family we find b1 = −1, and
so µ = −(t2 + 1). Therefore
κ = −2τ
(
λ2
µ
+ 12
)
= −2τ
(
− t
2
t2 + 1 +
1
2
)
= τ
(
t2 − 1
t2 + 1
)
= Ψ.
That is, the twisting parameter κ coincides with Kaputin and Witten’s canonical parameter.
Proof of Theorem 4.17. We begin with the case λ = µ = 1, which follows from Assumption 4.16. Indeed,
if FlatG(C) is identified with the twisted cotangent bundle to BunG(C) by the determinant line bundle as a
0-shifted symplectic stack, then in particular it admits a prequantization by the determinant line bundle.
When we scale λ, we obtain an isomorphic stack fλ : FlatG(C)
∼=→ FlatλG(C), where the isomorphism simply scales
the flat connection by λ. The tangent complex to FlatλG(C) is identified with (Ω•(C; gP )[1], λdA), and the map
on tangent complexes induced by fλ is by multiplication by λk on the term Ωk(C; gP ). As a result, we can
identify the pullback f∗λΩλ with the rescaling λ2Ω1. This symplectic form therefore has a prequantization given
by the pullback of the twisting Lλ2det on BunG(C).
Finally, the tangent complex to FlatG(C)µ-dR can be identified relative to C[µ] with the complex (Ω•(C; gP )[ε],dA+
µ∂ε)[1], where ε is a degree 1 parameter. If we write Fµ : FlatG(C)dR
∼=→ FlatG(C)µ-dR, we can identify the pull-
back F ∗µ Ω˜ with the rescaling µ−1Ω˜µ=1. So, when we rescale µ, the prequantization is given by the twisting
L
λ2/µ
det .
Now, if we view τ as rescaling the symplectic form, we can use this corollary to compute the category of branes
in all the remaining twisted supersymmetric gauge theories discussed in Section 3.
Example 4.20 (Rank (2, 1)). Let us consider the case where λ = 0, but µ 6= 0. This occurs when we consider
the twist by a rank (2, 1) supercharge of the form Qhol +aQ′hol + b1Q′. As we learned in Section 3.3.3, the moduli
space of solutions on C× C in this twisted theory takes the form HiggsG(C)b1-dR. According to Corollary 4.18,
when we quantize this moduli stack with coupling constant τ , we obtain the category Dτ (BunG(C)), where τ is
real. The rank (2, 1) twist is self-dual, so S-duality for such supercharges becomes the statement
Dτ (BunG(C)) ∼= D−τ∨(BunG∨(C)),
the quantum geometric Langlands correspondence with real level.
Example 4.21 (Generic rank (2, 2)). Now, let us consider the case where both λ and µ are non-zero. This
occurs for generic supercharges Qhol + aQ′hol + b1Q′ + b2Q′′ of rank (2, 2). As we learned in Section 3.3.3, the
moduli space of solutions on C × C in this twisted theory takes the form FlatλG(C)µ-dR where λ = −b2 and
µ = b1 + ab2. According to Corollary 4.18, when we quantize this moduli stack with coupling constant τ , we
obtain the category Dκ(BunG(C)), where κ 6=∞. The action of S-duality on the space of rank (2, 2) supercharges
was discussed in Section 3.4. For κ 6= 0, a generic rank (2, 2) supercharge is dual to another generic rank (2, 2)
supercharge, and for the categories assigned to the curve C we obtain the prediction of the quantum geometric
Langlands equivalence
Dκ(BunG(C)) ∼= D−κ∨(BunG∨(C)).
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If however κ = 0, which occurs in the CP1-family when t = ±1, the dual rank (2, 2) supercharge is a special
(B-type) rank (2, 2) supercharge as in Example 4.15. S-duality then predicts the ordinary geometric Langlands
equivalence
D(BunG(C)) ∼= QC(FlatG∨(C)),
modulo issues of singular support as discussed in [EY19].
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